Q2ai 2z+iw=203+i)+i(l—i)=7+3i.

Q2aii zw=(3-ifl-i)=2-4i.
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cos@ 1 du 2

la Let u =sin@, — = cos 0. do = do 2bi =1—i\/§,r= 1+ \/_ =2,

Q '[sm 0 Iu do Q P ( )
4 —
:J‘u*5du:”_+cz_ 1 +C. 49:tanl(—\/5 = - B =2cis 2. A
-4 4sin* 0 1 3 R
Qlbi 5x=a(x+2)+b(x—3). Let x=-2,then b=2. Let o s sz (x
x=3 then a=3. Q2bii B> =27cis5 3" 32cis el 32cis ?j .
Q1bii Via T
2biii  pB° =32 —+isin— |=16+{16J/3}.

I 5 o dxzj 3 + 2 dx=3log,(x—3)+2log, (x+2)+C Qzbili /5 (COS 3 e 3) ( \/_}

x‘=x—6 x=3 x+2
= loge(x - 3)3 (x + 2)2 +C. ch Let z=x+ ly’
Qlc z=x-1y,z—z=1i2y, Z—Z|:\l4y2:2|y|<2,.'.|y|<1,

. . s\1¢ e g i.e. all the complex numbers with imaginary part -1 < y <1.
X X

_[x "log, xdx = I(lOge x)x’dx = {(lo& x{?ﬂ - j( j(?jdx |z - 1| 21 consists of all the complex numbers on or outside the

] ] 1 circle with radius 1 unit and centred at 1+0i.

A ) A W .3 fmz
8 |64] 8 64 64 64 ____%K_—___
Qld I\/iz—log (2x+ (2x)2—1)+C %_/ »Rez

=%10ge(2x+ Vax® —lj-i- C.

Q2di Let @ =arg(z,). Then the angle between ¢ and OP is
Qlei t= tang, A _ L g = %[1+ tan’ g) :%(1+t2) . (@-0). ~arg(z,)=a+(a-0)=2a-6.
- arg(z, )+ arg(z,)= 0+ 20 -0 =2a .

.0 0 0
Oleii sind=2sinZcos = 251“5“’52 B ~ 2tan5 o Q2dii Since |zz| = |Z1| and arg(zl)+ arg(zz): 2a,
2 cos? w2 @ 1+ v 2,2, = |z,|z, |eis(arg(z, ) + arg(z, ) = |2, | cis(2a).
odiii Wh _z P ﬁ]:~ 2
Qleiii [cosectdt = [——do = j”t 40 - jlﬁde Qadiii When & =7, 2,7, =z Cls(z &

sin &

1 P Since |Z1| > 0, .. the complex number z,z, is a point R on the
= J-;dt =log,t+C= loge(tan5j+ C.

positive imaginary axis. As |Z1| increases, R moves in the

positive direction. The argument of z, has no effects on the
locus of R.
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Q3a Given the graph of y = f (x) 8x 8x

3b y=x+ =x+ .
) Q g x* =9 (x—3)x+3)
Asymptotes are y=x, x =3, x=-3.
’ x-intercepts: x + 28x =0, x(1+ 28 ]:0,
e x -9 x" -9
» ’ j ’ B nx=0orl+— =0, x’—1=0, x=+1.
/ ' _9
+
Q3ai )
2/ & “6 —4 -2 (-1 D)n (Lﬂzj 4 6 8 X;
/ ; -
Q3aii
: Q3¢ x’—4dxy+y’ =1, 3x2—4y—4xﬂ+3yzﬂzo,
dx dx
d dy 3x’ -4
: 7 3x2—4y=(4x—3y2)—y, —y=x—)2/
dx dx 4x-3y
T = - v 2)° —4(1 .
At (21), m, :L(Z):ﬁ, my -2 . Equation of the
42)-301)y s 8
) , 5 , 5.9
normalis y—1=—-=(x—-2),1e. y=—=—x+—.
) y 8( ) y ] 4
Q3aiii Q3d
,
. 2
Nsinﬁzﬂ, Ncos8 =mg,
Q3aiv , ' 2\2
L (Nsin 6’)2 +(Ncoso) = [m_vJ + (mg)z,
r
v v?
y=e i N’ =m’ g2+—2 , N=m g2+—2.
r r
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Q4ai Volume of a general layer
=zlx+ &) y-—m’y= ﬁ(2x§x + (%) )y = ﬂ(2x§x + (%)’ )e”‘2 .

N
Volume of solid = gg%) Z ﬂ(Zx&c + () )e”‘2 = !ﬂer’xz dx

N

NZ
Let u = x2, du =2x. Volume= J‘ﬁe"‘ ﬂdx = J.zze’”du
dx 0 X 0

IV’ _N2 a2
=[—ﬁe ”]0 =—me +7z=7r(1—eN).
Q4aii As N — oo, volume — 7 .

Q4bi x*+pxt+gx’ +mv+s=(x—a)x—Blx-y)x-5)
=x* —(a+B+y+6) +(af+ By +y5+Sa+ay + p5)x’

—(aﬁ’;/ +afid + ayd + pyd )x+aﬂ7§ .
La+fP+y+0=—p,affy +afd +ayd + fyd =—r.

Q4bii Since a+B+y+5=—p, .'.(a+ﬂ+7/+5)2 =p?,
cal Byt + 8 +2af+ Py + S+ da+ay+ )= p’,
nal+ Byt +87 +29=p°,

Lat+ Byt 8t =p’ -2

Q4biii For x* —=3x +5x> +7x—-8=0,
p’-2¢=9-10=-1<0,ie. .a’+p>+y> +5><0.This is

impossible because the sum of squares > 0. Hence the quartic
function cannot have four real roots.

Q4biv Let f(x)=x*-3x" +5x* + 7x-8.

7(0)==8, 7(1)=2, .. f(x) has at least one real root. According
to the fundamental theorem of algebra, f(x) has four
real/complex roots. Since f/(x) has real coefficients, the roots

are pairs of conjugates if they are complex. From part iii and the
fact that f(x) has at least one real root, it has exactly two

complex roots (conjugates) and two real roots.

Q4ci The normal at P(x, , yl) passes through point B (0,—b) ,
azyl(O)—ble(—b): (az —b2>r1y1 , o bx, = (a2 —bz)xlyl.
by, —(az —bz)xly1 =0, )cl(b3 —(a2 —bz)yl)zo.

b3
a’-b*’

or x, =0,i.e. y, =*b because P(xl,y,) is on the ellipse.

Hence b’ —(a2 -b’ )yl =0,ie y =

3

Qdcii 1f y, = —"
a

e (this includes the possibility that

3

a=+2b, ie. y,=b), then 0< y, <b, . <b,

a’-b*
b <bla® -p?) .-.és%. Since b> =a(1-¢?),
a

[ =

1
>

.'.az _2,.'.e_\/5.
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Q5ai Area of AABC = %bc = %da, ~obe =da.

Since a =b> +¢, . be=dVb> +c* or bc* =d*(b? +¢?).

h b h d h

tana’ tan 3 - tany

Qsaii ¢ = be? =d>(b” +c?),

h4 h2 h2 h2
= + 5
tan’ ftan’ ¢ tan’ y(tan’ f tan’ &

1 1 1 1
= + ,
tan” ftan’ o tanz;/(tanzﬁ tanza]

1
tan® y = tan” ftan’ « + ,
tan’ f tan’ «a

tan” o + tan” S

tan” y =tan’ ftan’ a > >
tan” ftan”

J , hence the result.

Q5bi Mary is the winner, she is the first to win 5 goals.
Ferdinand scores only one goal. There are a total of 6 goals.
Mary wins the last goal otherwise Ferdinand would not win any
goal at all. Hence Ferdinand scores his only goal in any one of
the first five trials.

Q5bii  Suppose Mary is the winner, the following table lists a
possible outcome of each type and the corresponding number of
outcomes.

Type Number
MMMMM 1
FMMMMM 5
]
FFMMMMM & =15
2141
7!
FFFMMMMM —=35
314!
8!
FFFFMMMMM —=70
414!

Ferdinand could win in the same manner, .. total number of
possible outcomes = 2(1+ 5 +15+35+70) = 252 .

Q5ci The following graphs show y = f (x) and y = f"' (x)

A

bA

S

v

»
»

0 a 0 b

The shaded areas are equal. From the graph of y = 1™ (x) ,

b
the shaded area + I £ (x)dx = ab,
0

O —y

f(x)dx + j’.f’l (x)dx =ab, .. jf(x)dx =ab - Tf’l (x)dx.
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Qscii f(x):sin-‘gj, f(2)=%, 7 (x)=4sinx .

T

2 6 z
J‘sinl(ﬁjdx = 2x£—j4sinxdx =Z [~ 4cosx]¢
1 6 1 3

0

V4 V4 /4
=—+4cos——4=—+2+43-4.
3 6 3 B

Q5di Base length AD =29 — x?,
height AB= xtan 60° = 4/3x . Area of ABCD

- (2 9—x’ )(ﬁx)z 25300 - x?) = 25327 - 34

Q5dii  Volume of a general vertical slice of thickness ox
=2xy/27 - 3x” . Volume of wedge = lim Z 2x4/27-3x% 6

Q6ai Forn=0, I,(x)= je"dt = [—e"]g =1-e™,

0
L(x)= 01— e (1)) =1, it is true.
Assume it is true for n =k, i.e.

x 2 3 k
:J't"e’tdt:k! ] B P |
) 2 3l Kl

Consider n=k+1, I,,,(x)= I e dt

0

e ]+ ( k+1jt e dt = —x*e + (k+1)1, (x)

2 3 k
—x*le (k+1)k'{1 e (1+x+x—+x—+...+x—ﬂ

21 3 k!

2 3 k k+1

(k) 1—e | lexr e it
20 3 kR (k+1)

also true for n =k +1. Hence it is true forall n>0.

Q6aii  Consider t"e™ in the interval 0<¢<1.

Since t" >0 and 0 <e™ <1, .0<t"e” <¢".Hence

1 1 1 tn+1
Og.[t”e’tdts'[t"dt, Osjt"e”dts ,
0 0 0 n+l 0

1
2 0< ft”e"dt < .
0 n+1

© Copyright 2005 itute.com

Q6aiii  From part ii, 0 < 7, (1) ! ,
n+1
0o<n|l1- 1+1+i+l+...+i < ! s
203 n! n+1
(S DI FUME A W S ) PO ,
o2 3 n)” (n+1)n!
1.1 1 1] 1
A+

>

Q6aiv As n — o, m%

1—e1(1+l+l+l+...+ 1]—)0
no2r 3 n!

O 1 1 1 1

e |l+—+—+—+..+— ],
no2r 3 n!

I 1 1 1
I+—+—+—+.+—>e

no2r 3 n!
Qo6bi  After expanding,
LHS:—1+w+w2+w3+...+w"’1)+nw”.

Since w" =1, 1-w" =0,

—w)(1+w+w2 +w? +...+w"'1):0,andgiven w#l,

SlewHwr w4+ 4w =0
Hence LHS =nw" =n.

Q6bii Let z =cos@ +isin®, z> = cos26 +isin 260,
27" = cos(— )+ isin(- ) = cos @ —isin 6.

1
Since = ,
|

) 1 __cosf—isind
" c0s260 +isin20 -1 2isin @

Q6biii Let w=cos26+isin26 , where 0 = z
n

Then ! cOsg_lsmg:—l+licott9.
-1 2151n6’ 2 2

Q6biv From parti, 1+ 2w+ 3w’ +4w’ + .. +nw"' =nx

Re(1+2w+3w2 + 4w’ +...+nw"‘1)= Re[nx ! j
W

When n=35,

1+2cos2—+3cos4—+4cos6—+500s8—7z: —i.
5 5 5 2
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2 4
Q6bv 1+ 2cos—”+3cos—”+4cos6—”+50058—ﬂ
5 5 5 5
:1+2cos2?ﬂ—3cos£—4cos%+ 50052?”

:1+7cosz—ﬂ—7cos£:1+7 200521—1 —7cosZ
5 5 5 5

:14cos2£—7cos£—6=—§.
5 5 2

- 28c0s> Z —14cosE—7=00r 4cos> Z—2cosE-1=0.
5 5 5 5

. . T
Solve the quadratic equation for cos—,

T 2+\/_ 1+\/§

8 4

T
where cos; >0,to

obtain cos—

Q7ai  Sum of opposite angles = 180°, .. BNPM is cyclic.
Q7aii ZBNM = ZBPM ,because BNPM is cyclic and both
angles are subtended by the same arc BM.

ZBPM = ZBAP , because PT is a tangent and the alternate
segment theorem follows.

Hence Z/BNM = ZBAP , i.e. the corresponding angles are equal,

and this is a sufficient condition for MN // PA.

Q7aiii

T 7 M K P

Dotted lines are added to the given diagram.

ATBM and ANAQ are similar, .. sra_ L,
u p
s r
L—<—.
u - p
Q7aiv  Since p is the longest side of ATBM , .. 4 R
P
s
SL—<lors<u.
u
, o gV
Q7bi V= 2LR The satellite is in free fall, .. |x| =— iz,
T R R
2 p3
k=V%—4§f
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Q7bii jé:—iz, s~ liv2 :—i . Moving from R to x,
X 2 dx x’

ob)-[- 23] 233

_87°R’(R-x\ 87’R*(R-x
T xR T? x )

2p2 _
Since v=0atx=R,.'.vz=O+A(vz)=8ﬂfe [R xj.
T X
L 227R [R-x . dx  2\27R [R—x
Q7biii v=- , L.e. —=— s
T x dt T x

dt T

—=— W/L . Note: x is from the centre whilst v is
dx 2\/5 R VR—x

towards the centre, hence the negative sign. Moving from R to 0,

0
the time required Af = —LI X
222R IV R-x

T .o X ’
—Zﬁ”R{Rsm \/;—w/x(R—x)L

T . T
=———xRsin (l)=——.
N
Q8ai Given a,b,x>0,.. f(x)>0.
3
Define g(x)=(f(x)) = M . Their stationary points
27abx

occur at the same x value.

. (a+b+x) -3x(a+b+x)
g)= 27abx
c(a+b+x) =3x(a+b+x) =0,

(a+b+x)2[(a+b+x)—3x]:O, since a+b+x#0,

=0,

(a+b+x)-3x=0 or x:aTer.Thepointat x= atb is the

only stationary point, it must be the required minimum.

a+b a+b
>
> glc) g(z }

3

Q8aii  g(x) is minimum at x =

a+b
3 (a+b+cj3 atb+ 2
cl= = —
g( ) (f( )) 3x3abc a+b
3x3|ab
2
3
(a+b) ( )2 s
2 a+b a+b . a+b
= = = . Since Zx/E,
, abla+b) 4ab (ZMJ
2
2 3
a+b] - (Lb“j L1 . atbre
2Jab 3x3abc 3x3/abc

+b+
Hence % >3/abc .
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Q8aiii  Let a, b and ¢ be the positive real roots.
x* = px* + qx—r = (x—a)x—b)x - ¢). Expand and compare
coefficients, a+b+c=p and abc=r.

.. a+b+c
From part ii, ——

>3/abc , .'.?23\/7, Lpl =27,
Q8iv For cubic equation x* —2x> +x—1=0, p=2 and
r=1. .. p’> <27r. .. the equation does not have 3 real roots.

According to the fundamental theorem of algebra, and the
conjugate roots theorem for real coefficients, the equation has
exactly one real root and a pair of conjugate roots.

Q8bi AP =bsecd—btanf, PB=btand + bsecl,

.. APxPB = (bsec@—btan 9)(17 sec @+ b tan 0)= bz(sec2 6 —tan? 0)= b?

Q8bii C

N

ZACP =a— B, ZPAC =90+ 8, ZPBD =90 - 3,

/PDB=a+p.
Apply the sine rule to AACP and APDB .
CP AP _ APsin(90+ ) APcos
sin ZPAC  sin ZACP’ - sin(a — f8) - sin(a— )
PD PB _ PBsin(90— )  PBcosf

sin ZPBD  sin ZPDB’ sin(a + ﬁ) B sin(a + ﬁ) ’
Q8biii

AP x PBcos” 3 B b*cos®
sin(a - ﬂ)sin(a + ,B) - sin(a - ﬂ)sin(a + ﬁ)
.. CPx PD is dependent on o but independent of P (does not
appear in the expression), b and S are constant values that

CPx PD =

define the hyperbola.

Q8biv The result of part iii suggests that the same is also true
for another point, O, on the line and the hyperbola, i.e.

b*cos® B
sin(a — ﬂ)sin(a +8)
plrvq)=(p+r)g, . pr=rq, . p=q.

CPxPD=CQxQD =

© Copyright 2005 itute.com

Q8bv As CD moves closerto UV, PO —0,and P, Qand T

become the same point when the two lines coincide.
Since CP =QD, .. CT =TD , i.e. T is the midpoint of CD.

Please inform mathline@itute.com re conceptual,
mathematical and/or typing errors.
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