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Applications of functions and calculus 
 

Curve sketching 
 
Sketching the graph of a function requires the knowledge of the 
x and y-intercepts, the asymptotic behaviours and the position 
and nature of each stationary point. 
 
The x-coordinate of a stationary point can be found by setting 

,0=
dx
dy or ( ) 0=′ xf , then solve for x. The y-coordinate is found 

by substituting the x value in the equation of the function. 
 
The nature of a stationary point can be determined by finding the 

value of 
dx
dy  on each side of the stationary point.  

 

Left Stationary 
point Right Nature 

0>
dx
dy  0=

dx
dy  0<

dx
dy  Local max. 

0<
dx
dy  0=

dx
dy  0>

dx
dy  Local min. 

0>
dx
dy  0=

dx
dy  0>

dx
dy  Inflection pt. 

0<
dx
dy  0=

dx
dy  0<

dx
dy  Inflection pt. 

 
Note: A local maximum (local minimum) is not necessarily the 
maximum (minimum) point of the function. You need to 
compare it with other stationary points and end points in the 
domain. 
 
Example 1   Sketch xxy 33 −= , [ ]2,2−∈x . 
 
End points: ,2−=x 2−=y ; ,2=x 2== y . 

x-intercepts: Let ,0=y ,033 =− xx ( ) ,032 =−xx  

( )( ) ,033 =+− xxx 3,0,3−=x . 

Stationary points: Let ,0=
dx
dy ( ) ,013 2 =−= x

dx
dy 1,1−=∴ x . 

2,2 −=∴ y . 
Nature of stationary points: 
 

At x = − 2 − 1 0 1 2 

dx
dy  > 0 = 0 < 0 = 0 > 0 

Nature  Local 
max.  Local 

min.  

 
Asymptotic behaviour: None. 

 
 

Example 2   Sketch the graph of ( ) tetx 1.025
10
1 −−= , [ )∞∈ ,0t . 

 

t-intercepts: Let ,0=x ( ) .05
10
1 1.02 =− − tet  Since 

,01.0 >− te 05 =−∴ t  or 5=t . This intercept is also a turning 
point because ( )5−t  is a repeated factor. 
x-intercept: Let ,0=t 5.2=x . This is also an end point. 
Asymptotic behaviour: As ,∞→t the dominant factor 

+− → 01.0 te , .0+→∴ x  

Stationary points: ,0=
dt
dx  

( ) ( ) ,052.0501.0 1.01.02 =−+−− −− tt etet  

( ) ( )( ) ,02.0501.05 1.0 =−−−− − tet t

( )( ) .025.001.05 1.0 =−−− − tett  Since ,01.0 >− te  
05 =−∴ t , i.e. 5=t  and 0=x (as discussed earlier),  

or ,025.001.0 =−t i.e. 25=t and 5.240 −= ex . 
 
Nature of stationary points: 
 

At t = 4 5 10 25 26 

dt
dx  < 0 = 0 > 0 = 0 < 0 

Nature  Local 
min.  Local 

max.  
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Example 3   Sketch ( )xey
x

cos3=  for [ ]π2,0∈x . 

End points: At ,0=x 1=y . At ,2π=x 3
2π

ey = . 

x-intercepts: Let 0=y , ( ) ,0cos3 =xe
x

and since 03 >
x

e , 

( ) ,0cos =∴ x  and hence 
2
π

=x  or 
2

3π . 

Asymptotic behaviour: None. 

Stationary points: ,0=
dx
dy ( ) ( ) ,0cos

3
1sin 33 =+− xexe

xx

 

( ) ( ) ,0cos
3

1sin3 =







−− xxe

x

( ) ( ),cos
3

1sin xx =∴  

( )
3

1tan =x , hence 
6
π

=x  and 36

2
3

π

ey =  or 
6

7π
=x  and 

36
7

2
3

π

ey −= . 

Nature of stationary points: 
 

At x = 0.5 
6
π  1 

6
7π  4 

dx
dy  > 0 = 0 < 0 = 0 > 0 

Nature  Local 
max.  Local 

min.  

 

 
 
 

Example 4   Sketch 1
3

1
2

1
+

−
+

+
=

xx
y  for [ )3,1−∈x . 

End point: At 1−=x , 25.2=y . 

Asymptotic behaviour: As −→ 3x , ∞→y . 
The function is positive for [ )3,1−∈x , no x-intercepts. 

y-intercept: Let 0=x , 
6

11
=y . 

Stationary points: 
( ) ( )

0
3

1
2

1
22 =

−
+

+
−=

xxdx
dy , 

( ) ( )
( ) ( )

0
23

32
22

22

=
+−
−−+

xx
xx , ( ) ( ) 032 22 =−−+∴ xx , 

( ) ( )( ) ( ) ( )( ) 03232 =−++−−+ xxxx , ( ) 0125 =−x , 
2
1

=x  and 

5
9

=y . 

Nature of stationary point: 
 

At x = 0 
2
1  1 

dx
dy  < 0 = 0 > 0 

Nature  Local min.  
 

 
 
 
 
Equations of tangents and normals 
 
 
                                y                                       ( )xfy =  
 
 
                                                                   tangent 
 
 
                                                               normal 
 
                                 0                    a                                  x 
 
 
 
Gradient of the tangent to the curve ( )xfy =  at ax =  is 

( )afmT ′= . 

Gradient of the normal is ( )afm
m

T
N ′

−=−=
11 . 

Use ( )11 xxmyy −=−  to find equations of tangents and 
normals. 
 
For tangents: ( ) ( ) ( )axafafy −×′=− . 

For normals: ( ) ( ) ( )ax
af

afy −×
′

−=−
1 . 
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Example 1   Find the equation of the normal to the curve 
( ) 112log3 −+= xy e  at 0=x . 

At 0=x , 1−=y , 6
12

6
=

+
==

xdx
dymT  and 

6
1

−=∴ Nm . 

Equation of the normal: ( )0
6
11 −−=−− xy , 1

6
1

−−=∴ xy . 

 
 
Example 2   Find the equation of the tangent to the curve 

( )( )211 −+= xxay at the y-intercept. Find the point where the 
tangent crosses the curve. Explain why this point is independent 
of a. 
At the y-intercept, 0=x , ay = ,  

( )( ) ( ) ( ) ( )( )11211112 2 −++−=−+−+= xxxaxaxxa
dx
dy  

( )( ) axxa −=+−= 131 . 
Equation of the tangent at the y-intercept: ( )0−−=− xaay , 
i.e. ( )1−−= xay . 

Solve ( )1−−= xay  and ( )( )211 −+= xxay  simultaneously to 

find the intersection. ( ) ( )( )2111 −+=−−∴ xxaxa , 

( ) ( )( ) 0111 2 =−++−∴ xxaxa , ( ) ( )( )( ) 01111 =−++− xxxa , 

( ) 01 2 =−∴ xxa , 0=∴ x  (where the line touches the curve) or 
1=x  (where the line crosses the curve) and 0=y . 

The intersecting point is ( )0,1 , and since the parameter a does 
not appear in the coordinates, it is independent of a. 
 

 
 
 
 
Example 3   The line 12 +−= xy  is a tangent to the parabola 

qpxxy +−= 2 . Find the values of p and q. 
 

22 −=−== px
dx
dymT . 

2
2−

=∴
px  is the x-coordinate of the 

point of contact. The y-coordinate is found by substituting 

2
2−

=
px  in 12 +−= xy , py −=∴ 3 ,  

or in qpxxy +−= 2 , ( ) qpppy +
−

−





 −

=∴
2

2
2

2 2

. 

( ) qpppp +
−

−





 −

=−∴
2

2
2

23
2

, it can be simplified to 

( ) ( )142 2 −=− qp . The values of p and q have to satisfy this 

relationship, e.g. if 0=p , 2=q ; if 1=p , 
4
5

=q ; if 1−=p , 

4
13

=q . The number of possibilities is infinite.  

                                                                                                          

 
 
 
Maximum/minimum problems 
 
In practical situations, the value of a quantity (dependent 
variable) varies with the value of another quantity (independent 
variable). For certain value of the latter, the value of the former 
is a maximum/minimum. This can be found by differentiation or 
graphics calculator. 
 
In formulating a problem, sometimes the dependent variable is a 
function of two (or more) other variables. It is necessary to find 
the relationship between the two other variables. The dependent 
variable can then be expressed in terms of one of them before 
finding the maximum/minimum. 
 
Example 1   An upright rectangular window is to be installed in 
the middle of a wall with dimensions shown in the following 
figure.   
 
 
                                                                               Semicircle 
                                                                               (Radius = 1 m) 
                                                         1 
 
 
                                                           x/2 
              h 
 
                                                                                  Square 
 
 
 
                                                    x 
 
 
Find the area of the largest window possible for the wall. 
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Let x m and h m be the width and the height of the window 
respectively. 
The area of the window xhA = . 

The relationship between h and x is 
2

2
12 






−+=

xh  . 

( )













−+=




















−+=∴

4
12

2
12

22 xxxxxA . 

Use graphics calculator to graph the area function ( )xA  and  
determine the maximum. 

86.1=x m, 40.4=A m2. 
 
 
Example 2    Find the points on the curve 122 −+= xxy  that 
are closest to the point ( )1,1 −− . 
 
Let ( )yx,  be a point on the curve closest to ( )1,1 −− . The 
distance between the two points is: 

( ) ( ) ( ) ( ) ( )22222
2111 xxxyxxD +++=−+−= −− . 

( ) ( )
( ) ( )( )( )222212

212

1 2

222
++++

+++
= xxxx

xxxdx
dD . 

Let 0=
dx
dD , ( ) ( )( ) 0222212 2 =++++∴ xxxx , 

( ) ( )( ) 022112 2 =+++ xxx , 1−=∴ x  and 2−=y  or 

0142 2 =++ xx , i.e. 
2

22
4

8164 +−
=

−+−
=x  and 

2
3122

2
2231

2
222

2
22

2

−=−+−
−

=−








 +−
+









 +−
=y  

or 
2

22
4

8164 −−
=

−−−
=x  and  

2
3122

2
2231

2
222

2
22

2

−=−−−
+

=−








 −−
+









 −−
=y . 

The three points closest to ( )1,1 −−  are ( )2,1 −− , 











−

+−
2
3,

2
22  and 










−

−−
2
3,

2
22 . 

                                                                                                     

 
 

Example 3   Find the length of the longest rigid pipe that can be 
carried horizontally from a 3-m wide corridor to another 3-m 
wide corridor perpendicular to the first. Ignore the diameter of 
the pipe. 
 
 
 
                                                    y                          3 m 
                                         C 
                                       
                              x 
 
 
 
                               3 m 
                                            
 
Let the horizontal straight line distance through the corner C 
from one inside wall to the next wall be yxL +=  metres. There 
is a relationship between x and y. Similar triangles, 

9

3
2 −

=
xx

y , 
9

3
2 −

=∴
x

xy , ( )
9

3
2 −

+=∴
x

xxxL . 

The longest possible pipe is restricted by the shortest distance L. 

( )

9
9

393

1 2

2

2

−












−
−−

+=
x

x

xxx

dx
dL  

( )
( ) ( )2

3
222

22

9

271
99

3931
−

−=
−−

−−
+=

xxx

xx . Let 0=
dx
dL , 

( )
0

9

271
2
3

2
=

−
−

x
, 
( )

1
9

27

2
3

2

=
−x

, ( ) 39 2
1

2 =−x , 992 =−x , 

23=∴ x  and 23
3

29
==y . Hence 26=L . 

 
x = 4 23  5 

dx
dL  < 0 = 0 > 0 

Nature  Local min.  
 
∴ 26=L  is the shortest distance and hence the longest pipe is 

26 m. 
 
 
Example 4   A bushwalker is in a forest 2 km from a straight 
road. His car is 5 km down the road. He can walk 6 kmh-1 in the 
forest and 8 kmh-1 along the road. Toward what point on the 
road should he walk to minimise the time required to reach his 
car? 
 
  
                                                                                Forest 
    2 km 
 
                                                                    
                                        5 km                     Car on road 
 
                              x km 
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Let x km be the distance of the bushwalker from the point along 
the road. He walks 22 2+x km in the forest and x−5  km 

along the road. Using the formula 
speed

cedistime tan
= , the total 

time taken ( )
8

5
6

42 xxxT −
+

+
=  hours, where 50 ≤≤ x . 

 

( )
8
1

468
12

426

1
22

−
+

=−×
+×

=′
x

xx
x

xT . 

Let ( ) 0=′ xT , 0
8
1

46 2
=−

+x

x , xx 846 2 =+ , 

xx 443 2 =+ , ( ) 22 1649 xx =+ , 367 2 =x ,  

7
76

7
6

==∴ x . 

 

x = 2 
7

76  3 

dx
dT  < 0 = 0 > 0 

Nature  Local min.  
 

∴ the point that minimise the time is 
7

76 km along the road 

from the initial position of the bushwalker.  
 
 
Example 5    The concentration y of a drug in the blood time t 

after injection is given by ( )atbt ee
ba

ky −− −
−

= , where a, b and 

k are positive constants and ba > . Find the maximum 
concentration and the time it occurs after injection. 
 

( )atbt aebe
ba

k
dt
dy −− +−

−
= . Let 0=

dt
dy ,  

( ) 0=+−
−

−− atbt aebe
ba

k , 0=+−∴ −− atbt aebe , 
b
a

e
e

at

bt

=
−

−

, 

b
ae btat =∴ − , ( )

b
ae tba =− , ( ) 






=−

b
atba elog , 









−
=

b
a

ba
t elog1 . 

At 







−
<

b
a

ba
t elog1 , ( ) 






<−

b
atba elog , ( )

b
ae tba <− ,  

b
a

e
e

at

bt

<
−

−

, 0<−∴ −− atbt aebe , 0>+−∴ −− atbt aebe , 0>∴
dt
dy . 

Similarly, at 







−
>

b
a

ba
t elog1 , 0<

dt
dy . 

∴at 







−
=

b
a

ba
t elog1 , y is maximum. 














−

−
=









−
−








−
−

b
a

ba
a

b
a

ba
b

ee
ba

ky
lnln

max . 

 

Rate of change of a function 
 
If ( )xf  is any function differentiable at ax = , then the rate of 
change of ( )xf  with respect to x at ax =  is ( )af ′ . 
 
The average rate of change of ( )xf  with respect to x between 

ax =  and bx = , where ab > , is ( ) ( )
ab

afbf
−
− . 

 
Example 1   The position of a particle moving along a straight 
line at time t is ( ) 322 −−= tttr , where 60 ≤≤ t . Given the 

initial velocity ( ) 20 −=v , find (a) the initial position of the 
particle, (b) the rate of change of position with respect to time 
(i.e. the velocity) at 1=t , (c) the average rate of change of 
position with respect to time (i.e. average velocity) between 

0=t  and 5=t , (d) the rate of change of velocity with respect to 
time (i.e. the acceleration) at 1=t ,  
(e) the average rate of change of velocity with respect to time 
(i.e. the average acceleration) between 0=t  and 5=t ,  
(f) sketch the r-t graph, (g) use the graph to find the distance 
travelled from 0=t  to 5=t , (h) the average rate of change in 
distance travelled with respect to time (i.e. the average speed) 
between 0=t  and 5=t . 
 
(a)   Initial position: at 0=t , ( ) 30 −=r . 
 
                                   3−                   0                                  r 

(b)   Velocity: ( ) 22 −== t
dt
drtv , at 1=t , ( ) 01 =v , i.e. the 

particle is momentarily at rest. 

(c)   Average velocity: ( ) ( ) 3
5

312
05

05 +
−+

=
−

=
−
−

=
rrvav  

(d)   Acceleration: 2+==
dt
dva , which is a constant. Same 

acceleration for 0>t . 

(e)   Average acceleration: ( ) ( ) 2
5

28
05

05 +
−+

=
−

=
−
−

=
vvaav .  

 a and ava  are the same because a is constant. 
(f)    

 
(g)   The particle moves backwards from 3−  to 4− , then 
forwards to 12+ . Total distance 17161 =+= . 

(h)   Average speed 4.3
5

17tan
===

time
cedis , which is different 

from the average velocity. 
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Example 2   (a) Find the rate of change of volume V of a 
spherical balloon with respect to its radius r  when 5=r .  
(b) Find the rate of change of volume V of the spherical balloon 
with respect to its surface area A when 5=r .  
 

(a)   Volume of a sphere ( ) 3

3
4 rrV π= . 24 r

dr
dV π= , when 

5=r , ( ) .10054 2 ππ ==
dr
dV  

(b)   Surface area 24 rA π= , 
π4
Ar =∴ , 

( ) 2
3

2
33

6
1

43
1

43
4 AAAAV

πππ
π

==









=∴ . 

ππ
AA

dA
dV

4
1

6
1

2
3 2

1

=×= , when 5=r , π100=A , 

2
5

=∴
dA
dV . 

 
Note: (b) can be done in the following way since the two rates, 

dr
dV  and 

dA
dV  are related. 

( ) 3

3
4 rrV π= , 24 r

dr
dV π= . ( ) 24 rrA π= , r

dr
dA π8= . 

Using the chain rule: 
dr
dA

dA
dV

dr
dV

×= ,  

28
4 2 r

r
r

dr
dA

dr
dV

dA
dV

===∴
π
π . When 5=r , 

2
5

=
dA
dV . 

 
 
Related rates 
 
If two quantities x and y are related by ( )xfy = , then the rate of 
change of y with respect to a third quantity t is related to the rate 
of change of x with respect to the third quantity t by 

dt
dx

dx
dy

dt
dy

×=  or ( )
dt
dxxf

dt
dy

×′= . 

 
 
Example 1   At a distance of 40 m from the base of a tall 
building, a person observes an external elevator moving up at a 
constant speed of 2.0 ms-1. Determine the rate of change of the 
angle of elevation when the elevator is 30 m above the person’s 
eye level. 
 
The relationship between the height above the eye level and the 
angle of elevation is θtan40=h . 
 
 
 
 
 
 
 
                                                                            h 
 
                                   θ 
                                                      

                                                 40 m 

θ
θ

2sec40=
d
dh . (Note: the derivative is correct only when θ  is 

in radians) 

The chain rule: 
dt
d

d
dh

dt
dh θ

θ
×= , 

θ
θθ

θ 2
2 cos

20
1

sec40
0.2

===∴
d
dh

dt
dh

dt
d . 

Instead of finding θ  when 30=h , and substitute into the above 
expression, find θcos  in terms of h. 
 
                                     22 40+h  
 
                                                                             h 
                             θ 
                                                 40 

22 40

40cos
+

=∴
h

θ . 
2

22 40

40
20
1












+
=∴

hdt
dθ . 

When 30=h , 032.0=
dt
dθ radians per second 

8.1180032.0 ≈×=
π

o

degrees per second. 

 
 
Example 2   The side elevation of a playground slide can be 
modeled by xey 8.02.2 −=  for 40 ≤≤ x . Length measures are in 
metres and time in seconds. The shadow on the ground of a girl 
sliding down moves at 1.5 ms-1 when she is at 0.2=x . Calculate 
her descending speed (vertical) at that moment. 
 

 
 

xey 8.02.2 −= , xe
dx
dy 8.076.1 −−= . 

The chain rule: 
dt
dx

dx
dy

dt
dy

×= .  

Given the velocity of the shadow 5.1==
dt
dx  at 0.2=x , 

the vertical velocity
dt
dx

dx
dy

dt
dy

×==  

( ) 53.05.176.1 0.28.0 −=×−= −e ms-1. The negative sign indicates 
downward motion. 
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Example 3   Water is poured into a conical cup at a rate of  
5.0 cm3 per second. The cup is 12.6 cm tall and the radius of the 
rim of the cup is 4.2 cm. How fast does the water level rise when 
the depth of water is 8.0 cm? 
 
                                                     4.2 
 
 
 
 
                 12.6 
 
 
 
                             h 
 
 
 
                                                   r 
 
Use similar triangles to find the relationship between r and h. 

6.122.4
hr

= , 
3
hr =∴  

Volume of a cone HR 2

3
1π= , ∴volume of water hrV 2

3
1π== . 

Substitute 
3
hr =  into the last expression, ( )

27

3hhV π
= , and 

9

2h
dh
dV π

= . 

The chain rule: 
dt
dh

dh
dV

dt
dV

×= , 
dh
dV

dt
dV

dt
dh

=∴ . 

Given 0.5=
dt
dV (constant), at 0.8=h , the rate of change of 

depth ( ) 22.0

9
0.8
0.5

2 ===
πdt

dh cm. 

 
Example 4   A load is lifted upwards by a person pulling a rope 
at 1.2 ms-1. See the diagram below. How fast does the load rise 
when the lower pulley is 2.0 m above the ground? 
 
 
 
 
 
 
                       L/2 m              L/2 m 
 
 
 
                                                                                        4.0 m 
 
                                                          h m 
 
 
               1.2 ms-1 
 
 
                            1.5 m                1.5 m 

 
Let L m be the length of the rope from the upper pulley through 
the lower pulley to the wall and h m be the height of the lower 
pulley above the ground. Assume zero size for the pulleys. 
 
Use Pythagorean Theorem to find the relationship between L and 
h. 
                                           1.5  
 
 
                                    L/2                     4.0 − h 
 
 

( )22
2

45.1
2

hL
−+=






 , ( )2425.22 hL −+=∴ , 

( )
( )( ) ( )

( )22 425.2

4242
425.2

1

h

hh
hdh

dL

−+

−−
=−−×

−+
= . 

The chain rule: 
dt
dh

dh
dL

dt
dL

×= , 
dh
dL

dt
dL

dt
dh

=∴ . 

Given 2.1−=
dt
dL (constant, negative because L is decreasing), 

when 0.2=h , the raising speed of the load 

( )
( )

75.0

2425.2

242
2.1

2

=

−+

−−
−

==
dt
dh ms-1. 

 
 
 
 
Linear approximation ( ) ( ) ( )afhafhaf ′+≈+  
 
                       y 
 

                                                                ( )xfy =  
      ( )haf +  
 
                           ∆y        Chord                        Tangent 
 
 
            ( )af                            ∆x 
 
 
                  0                  a                 a + h                         x 
 
 
Gradient of the tangent ≈ gradient of the chord, this 
approximation is good for small h, 
 

i.e. 
x
y

dx
dy

ax ∆
∆

≈
=

  or ( ) ( ) ( )
h

afhafaf −+
≈′ , 

axdx
dyxy

=

∆≈∆∴  or ( ) ( ) ( )afhafhaf ′+≈+ . 
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Example 1    Given xe
dx
dy 2= , find the change in y when x 

changes from 1 to 1.1. 
 

( ) ee
dx
dy

dx
dyxy

xax

2.021.011.1
1

=×=−=∆≈∆
==

. 

 
Example 2   Find the approximate increase in radius when the 
volume of a spherical balloon increases from 1.0 m3 to 1.1 m3. 

3

3
4 rV π= , 3

1
3
1

3
1

4
3

4
3 VVr 






=






=

ππ
, 

3
2

3
1

3
2

3
1

36
1

4
3

3
1 −−







=






= VV

dV
dr

ππ
. 

( ) 3
1

3
23

1

36
11.00.1

36
11.0 






=






=∆≈∆ −

= ππaVdV
drVr . 

 
Example 3   Find the approximate value of 101 . 
 

( ) xxf = , ( )
x

xf
2

1
=′ , let 100=x , then 1=h , 

( ) 10100100 ==f , ( ) 05.0
1002
1100 ==′f . 

Since ( ) ( ) ( )afhafhaf ′+≈+ , 05.1005.0110101 =×+≈∴  
 
 

Example 4   Given that ( ) 01.03 =f and ( ) 23 −=′f , find the 
approximate solution (close to 3) of the equation ( ) 0=xf . 
 
Using ( ) ( ) ( )afhafhaf ′+≈+ , )2(01.00 −+≈ h , 005.0≈∴h . 
Hence the approximate solution is 

005.3005.03 =+=+= hax . 
 
 

Example 5   Given ( ) 333 +−= xxxf , find ( )1.2−f  and hence 
find an approximate zero of ( )xf . 
 
( ) 039.01.2 =−f  that is close to zero. ( ) 33 2 −=′ xxf , 

( ) 23.101.2 =−′∴ f . 
Using ( ) ( ) ( )afhafhaf ′+≈+ , )23.10(039.00 h+≈ , 

0038.0−≈∴h . Hence an approximate zero is 
1038.20038.01.2 −=−−=+= hax . 

 
 

Example 6   The formula for calculating the average speed is 

t
Dv = . If there is a 5% error in measuring the time t, what is the 

percentage error in the calculated average speed? 
 

t
Dv = , 

dt
dv

t
v
≈

∆
∆ , 2t

D
t
v

−≈
∆
∆

∴ , 
t
v

t
v

−≈
∆
∆

∴ , 
t
t

v
v ∆

−≈
∆

∴ , 

% error in v %5%100%100 −=×
∆

−≈×
∆

=
t
t

v
v  (The negative 

sign indicates that the calculated v is lower than the true v if the 
measured t is higher than the true t) 

Finding area under a curve by integration 
 
The area of the region bounded by the x-axis and a curve 

( )xfy =  in the interval [ ]ba,  is given by ( )∫=
b

a
dxxfA  if 

( ) 0≥xf  for all [ ]bax ,∈ , or ( ) 0≤xf  for all [ ]bax ,∈ . 
 

                    y                                                        y    
 
 
                                                                   a     0         b           x 
         a     0          b             x 
 
 
 
If ( )xf  changes sign at cx =  in the interval [ ]ba, , then two 
definite integrals are required to evaluate the area of the bounded 

region, ( ) ( )∫∫ +=
b

c

c

a
dxxfdxxfA .  

                                                        y 
 
 
                               a             c 
                                                   0                  b           x 
 
 
 
If ( )xf  changes sign again, a third definite integral is required. 
 

Note: It is important to know the behaviour (graph) of the 
function before setting up the definite integral(s) to find the area. 
 
 

Example 1   Find the area of the region enclosed by the x-axis 
and ( )( )424.0 −+= xxy . 
 

 
 
The left and right extremes of the region are the x-intercepts, 

2−=x  and 4=x  respectively, given by the linear factors. 
Expand ( )( )424.0 −+= xxy  to obtain ( )824.0 2 −−= xxy . 

( )
4

2

2
34

2

2 8
3

4.0824.0
−

− 


















−−=−−= ∫ xxxdxxxArea  

( ) ( ) ( ) ( ) 4.14282
3
24.0484

3
44.0 2

3
2

3

=









−−−−

−
−








−−=  
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Example 2   Consider the function ( ) 2

2

2
1 x

exf
−

=
π

. This is a 

probability density function known as the standard normal 
distribution. The area under the curve from ax =  to bx =  
gives the probability that x lies between a and b, 

 i.e. ( ) ∫
−

=<<
b

a

x

dxebxa 2

2

2
1Pr
π

. Use graphics calculator to 

evaluate the following probabilities.  
(a) ( )11Pr <<− x ,  (b) ( )22Pr <<− x ,  (c) ( )33Pr <<− x ,   
(d) ( )∞<<∞− xPr . 
 

Sketch 2

2

2
1 x

ey
−

=
π

, 2nd calc ( )∫ dxxf  etc. 

 

 
 

(a) ( ) 68.0
2
111Pr

1

1

2

2

==<<− ∫−
−

dxex
x

π
 

(b) ( ) 95.0
2
122Pr

2

2

2

2

==<<− ∫−
−

dxex
x

π
 

(c) ( ) 997.0
2
133Pr

3

3

2

2

==<<− ∫−
−

dxex
x

π
 

(d) ( ) 1
2
1Pr 2

2

==∞<<∞− ∫
∞

∞−

−
dxex

x

π
. 

 
 
 
Example 3   Find the area of the region bounded by the y-axis, 
the line 2=y  and the curve xey = . 
 
For the curve xey = , when 2=y , 2=xe , 2log ex =∴ . 
 
Area of the required region = area of the rectangular region − the 
area of the region under xey =  from 0=x to 2log ex =  

[ ] ( )122log22log22log2 2log
0

2log

0
−−=−=−= ∫ e

x
e

x
e

ee

edxe  

39.0=  
 
 
 
 

 
 
 
Example 4   Find the area of the region(s) bounded by the curve 

1
2

cos2 +=
xy , the x-axis, the lines 0=x  and π2=x . 

 
Sketch the graph first. The curve crosses the x-axis. Find this x-

intercept. Let 0=y , 01
2

cos2 =+
x , 

2
1

2
cos −=

x , 
3

2
2

π
=∴

x , 

3
4π

=∴ x . 

∫∫ 





 ++






 +=

π

π

π 2

3
4

3
4

0
1

2
cos21

2
cos2 dxxdxxArea  

π

π

π 2

3
4

3
4

0 2
sin4

2
sin4 



 ++



 += xxxx  

( ) 





 +−+++=

3
4

3
2sin42sin4

3
4

3
2sin4 ππππππ  

3
4322

3
432 πππ

−−++=  

32
3

2
3

432 −++=
ππ  

3
234

3
232

3
432 πππ

+=−++= . 
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Area of region(s) between two curves 
 
If ( ) ( )xgxf ≥  in the interval [ ]ba, , or ( ) ( )xfxg ≥  in the 
interval [ ]ba, , the area of the region between the two curves is 

given by ( ) ( )( )∫ −=
b

a
dxxgxfarea . 

                                             y 
 
 
                            f 
 
                                 a      0                b                             x 
 
                                                       g 
 
 
If the two curves cross at cx =  in the interval [ ]ba, , the area of 
the regions between the two curves is given by 

( ) ( )( ) ( ) ( )( )∫∫ −+−=
b

c

c

a
dxxgxfdxxgxfarea .  

 
                       f                     y 
 
                                    c   0 
                      a                                  b                              x 
 
                  g 
 
 
The x-coordinates of the intersections are found by solving 

( )xfy =  and ( )xgy =  simultaneously. 
 
 
Example 1   Find the area of the region enclosed by 

122 −+= xxy  and 122 ++−= xxy . 
 
Solve the two equations simultaneously to find the x-coordinates 
of the intersections.  

1212 22 ++−=−+ xxxx , 22 2 =∴ x , 1±=∴ x . 

( ) ( )( )∫− ++−−−+=
1

1

22 1212 dxxxxxArea  

( )
3
82

3
22

3
22

3
222

1

1

31

1

2 =





 +
−

−





 −=








−=−=

−
−∫ xxdxx . 

 

 
 

Example 2   Find the area of the region(s) bounded by xy sin= , 

xy
π
2

= , 0=x  and π=x . 

 

Solve xy sin=  and xy
π
2

=  simultaneously to find 0=x  and 

2
π

=x  in the interval [ ]π,0  .  Total area of bounded regions 

∫∫ 





 −+






 −=

π

π

π

ππ
2

2

0

2sin2sin dxxxdxxx  

π

π

π

ππ
2

22

0

2

coscos 







−−+








−−=

xxxx  

( ) ( ) 





 −−−+−−−






 −=

4
0101

4
0 πππ  

2
1

4
31

4
πππ

=−++−= . 

 

 
 

Note: The area of the enclosed regions is 
4
1  of the area of the 

rectangular region  
 
                                 2 
 
 
                                                         π 
 
 
 
 
 
 
 
 
 
 


