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Calculus 
 

Limits and continuity   
 
Sometimes the value of a function ( )xf  at ax =  may not be 
defined, but ( )xf  may get close to certain value L as x gets 
close to a from both sides of a. We say L is the limit of ( )xf  as 
x approaches a. This idea is expressed by the notation, 

( ) Lxf
ax

=
→

lim     or    ( ) Lhaf
h

=+
→0

lim , where xh ∆= . 

If x approaches a from the left, −→ ax , h is a negative value. 
If x approaches a from the right, +→ ax , h is a positive value. 
 
Example 1    

 
 
The above function ( )xf  is undefined at 1−=x , i.e. ( )1−f  
does not exist. However, as 1−→x  from either side of 1−=x , 

( ) 5.1→xf . ( ) 5.1lim
1

=∴
−→

xf
x

 or ( ) 5.11lim
0

=+−
→

hf
h

,  

i.e. the limit of ( )xf  exists as x approaches −1 and it is 1.5. 
 
The function is discontinuous at 1−=x . 
 
 
Example 2    

 
 

The function ( )xf  is defined at 1=x , and ( ) 31 =f . However, 
as 1→x  from either side of 1=x , ( ) 2→xf . ( ) 2lim

1
=∴

→
xf

x
 

or  ( ) 21lim
0

=+
→

hf
h

, i.e. the limit of ( )xf  exists as x approaches 

1 and it is 2. The function is discontinuous at 1=x . 
 

Example 3    

 
 

The above function ( )xf  is defined at 2−=x , and ( ) 32 =−f . 
As 2−→x  from the left side of 2−=x , ( ) 2−→xf , and as 

2−→x  from the right side, ( ) 3→xf . The left and right limits 
are different, ∴ ( )xf

x 2
lim

−→
 or ( )hf

h
+−

→
2lim

0
 does not exist, and 

the function is discontinuous at 2−=x . 
 
Example 4    

 
 

The limit of ( )xf  exists as 2−→x , i.e. ( ) 3lim
2

−=
−→

xf
x

. The 

value of the function at 2−=x  is defined, i.e. ( ) 32 −=−f . 
Since ( ) ( )2lim

2
−=

−→
fxf

x
, ( )xf∴  is continuous at 2−=x . 

In general, a function ( )xf  is continuous at ax =  if ( )xf
ax→

lim  

and ( )af  both exist and ( ) ( )afxf
ax

=
→

lim . 

 
Differentiability of a function at a point on an interval 
 

A function ( )xf  is differentiable at ax =  if it is continuous and 
there is no abrupt change in its gradient at ax = , i.e. the section 
on the left of ax =  is smoothly joined to the section on the right, 
and the curve appears to be a straight section (local linearity) in 
the immediate neighbourhood of ax = .  
 

A function ( )xf  is differentiable on a closed interval [ ]qp,  if 
( )xf  is differentiable at each point of the open interval ( )qp,  

AND  ( ) ( )
px

pfxf
px −

−
+→

lim  and ( ) ( )
qx

qfxf
qx −

−
−→

lim  both exist. 

A function is not differentiable at an open end point. 
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Example 1   Discuss the differentiability of the following 
functions at ax =  
 
(a)                                              (b)                  
 
 
 
 
 
                 a                                                 a 
 
(c)                                              (d) 
 
 
                       °                                               a 
 
 
                    a 
 
(e) 
 
 
 
                                  ° 
 
                             a 
 
 
(a)   The function has an abrupt change in its gradient at ax = , 
∴  it is not differentiable at ax = . 
(b)   The function is not continuous at ax = , ∴  it is not 
differentiable at ax = . 
(c)   The function is not continuous at ax = , ∴  it is not 
differentiable at ax = . 
(d)   The function is undefined at ax = , ∴  it is not 
differentiable at ax = . 
(e)   It is an open end point of the function at ax = , ∴  it is not 
differentiable at ax = . 
 
Example 2   Discuss the differentiability of the following 
absolute function ( )xf  on the unbounded interval [ )∞− ,3 . 
 

 
 
( )xf  is not differentiable at the vertex. ( )xf∴  is differentiable 

on the interval [ )2,3 −−  or ( )∞− ,2 . 
 
 
 

Graph of ( )xf ′  from graph of ( )xf  
 

( )xf ′  denotes the gradient function of function ( )xf . ( )xf ′  is 
undefined at points where ( )xf  is not differentiable. 
 
Steps to follow in sketching the graph of ( )xf ′  from the graph 
of ( )xf :  
(1) Look for stationary points where ( ) 0=′ xf . They are the x-
intercepts of ( )xf ′  graph. 
(2) Check the gradient (+/−) on each side of a stationary point of 
( )xf . The ( )xf ′  graph is above the x-axis for +, below the x-

axis for −. If the two sides have opposite signs, the ( )xf ′  graph 
cuts across the x-axis. If the two sides have the same sign, the x-
intercept of ( )xf ′  graph is a turning point. 
(3) ( )xf ′   has the same vertical asymptotes as ( )xf . 
(4) The horizontal asymptote(s) of ( )xf  corresponds to the 
asymptote 0=y  (i.e. the x-axis) of ( )xf ′ . 
(5) An oblique asymptote of ( )xf  corresponds to a horizontal 
asymptote of ( )xf ′ . 
 
The graph of ( )xf ′  remains the same if ( )xf  is vertically 
translated. 
 
Example 1 

 
 

 
 
Domain of ( )xf : R, domain of ( )xf ′ : R. 
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Example 2 

 
 

 
 
Domain of ( )xf : ( )∞− ,4 , domain of ( )xf ′ : ( )∞− ,4 . 
 
 
Example 3 

 
 

 
 
Domain of ( )xf : R, domain of ( )xf ′ : R. 
 
 

Example 4 

 
 

 
                Closed end point 
                    
Domain of ( )xf : [ )∞− ,5 ,  
domain of ( )xf ′ : [ ) ( )∞−∪−− ,11,5 . 
 
 
 
 
 
 
Rules for derivatives of nx  for Qn∈  
 

The general rules are: ( ) 1−= nn nxx
dx
d , 

                                    ( ) 1−= nn naxax
dx
d , 

                                    ( )( ) ( ) 1−−=− nn bxnbx
dx
d , 

                                    ( )( ) ( ) 1−−=− nn bkxknabkxa
dx
d . 

                                     
 

Good to remember the derivative of 2
1

x , ( x ): 

                                     ( )
x

x
dx
d

2
1

= ,  

                                     ( )
x

axa
dx
d

2
= ,                         

                                     ( )
bax

abax
dx
d

−
=−

2
. 
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Example 1   Find the derivative of 
3

2
12

2
3







 +x

. 

2
1

2
1

2
3

2
1

3
2
12

2
3

3
2
12







 +=







 +

×=




























 +

x
xx

dx
d . 

 

Example 2   Given 532 −= xy , find 
dx
dy  at 3=x . 

 

( ) 2
3

533
3

53
3

532
32

=
−

=
−

=
−

×
=

xxdx
dy . 

 

Example 3   Find the gradient function of ( )
32

15
+

−=
xx

xf . 

( ) ( ) 12
1

325
32

15 −−
+−=

+
−= xx

xx
xf . 

( ) ( ) ( ) 22
3

111
2
1

322
2
532215

2
1 −−−−−−−

++−=+×−×−=′ xxxxxf  

or  
( )2

2
3 32

2

2

5
+

+−
x

x
. 

 

Example 4   Differentiate 2

2 153
x

xx −+ . 

 
21

222

2

2

2

53153153 −− −+=−+=
−+ xx

xx
x

x
x

x
xx . 

( ) 323221 25251053 −−−−−−−− +−=−×+=−+ xxxxxx
dx
d  

32

25
xx

+−=  or 3

25
x
x +− . 

 
Example 5   Find the gradient of the tangent to the curve 

( )
2
315 2xy −

=  at 
15
4

=x . 

 

Gradient ( ) ( ) 33115
2

31523 −=−=
−

××== −− xx
dx
dy . 

 
Example 6   Find the rate of change of the volume of a sphere 
with respect to its radius when the radius is 2 units. 
 
                                                    Volume V 
 
 
                                                 Radius r 
 

Volume of a sphere ( ) 3

3
4 rrV π= . 

Required rate ( ) πππ 16244 22 ==== r
dr
dV  sq. units. 

 

Rules for derivatives of xe  and xelog  
 

The general rules are: ( ) xx ee
dx
d

= , 

                                    ( ) xkx kaeae
dx
d

= , 

                                    ( ) bxbx ee
dx
d −− = , 

                                    ( ) bkxbkx kaeae
dx
d −− = . 

 

                                    ( )
x

x
dx
d

e
1log = , 

                                    ( )( )
x
akxa

dx
d

e =log , 

                                    ( )( )
bx

bx
dx
d

e −
=−

1log , 

                                    ( )( )
bkx

kabkxa
dx
d

e −
=−log , 

                                    ( )( )
bx

abxka
dx
d

e −
=−log . 

 
Note: The above rules are for exponential and logarithmic 
functions with base e only. See examples below for other bases.  
                                     
Example 1   Find the derivative of xe 213 − . 
 

( ) xxx eee
dx
d 212121 6323 −−−− −=×= . 

 
 
Example 2   Find the gradient of ( ) ( )13log21 +−= xxf e  at 

0=x . 
 

( )
1

2
+

−=′
x

xf . Gradient ( ) 20 −=′= f  at 0=x . 

 
 

Example 3   Given t

tt

e
eex

−

−+ −
= 1

2112

, find the rate of change of x 

with respect to t. 
 

( ) ( ) tttttt
t

tt

eeee
e

eex −−−−−−+
−

−+

−=−=
−

= 3121112
1

2112

. 

tt ee
dt
dx −+= 33 . 

 

Example 4   Differentiate ( )( )
4

112log 2 −
−+

x
xx

e . 

 
( )( ) ( )( )

( )( )22
112log

4
112log 2 +−

−+
=

−
−+

xx
xx

x
xx

ee  

( ) ( ) ( ) ( )2log2log1log12log +−−−−++= xxxx eeee . 
( )( )

2
1

2
1

1
1

12
2

4
112log 2 +

−
−

−
−

+
+

=







−
−+

xxxxx
xx

dx
d

e . 
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Example 5   Find the gradient function of ( ) ( )1log3 10 += xxf . 
 

Change to base e: ( ) ( )
10log

1log3

e

e x
xf

+
= . 

( ) ( ) 10log1
3

ex
xf

+
=′ . 

 
 
Example 6   Find the gradient of the tangent to the curve 

32
x

ay ×=  at 3=x  in terms of a. 
 

Change to base e: 
xx e

e
x

e aeaeeay 3
2log2log

32log 3
==×= . 









×=








= 33

2log

2
3

2log
3

2log x
e

x
e aae

dx
dy e

. 

At 3=x , gradient 
3

2log2 ea
= . 

 
 
Rules for the derivatives of ( )xsin , ( )xcos , ( )xtan  
 

The general rules are: ( )( ) ( )xx
dx
d cossin = , 

                                    ( )( ) ( )kxkakxa
dx
d cossin = , 

                                    ( )( ) ( )bxbx
dx
d

−=− cossin , 

                                    ( )( ) ( )bkxkabkxa
dx
d

−=− cossin , 

                                    ( )( ) ( )bxkkabxka
dx
d

−=− cossin . 

 

                                    ( )( ) ( )xx
dx
d sincos −= , 

                                    ( )( ) ( )kxkakxa
dx
d sincos −= , 

                                    ( )( ) ( )bxbx
dx
d

−−=− sincos , 

                                    ( )( ) ( )bkxkabkxa
dx
d

−−=− sincos , 

                                    ( )( ) ( )bxkkabxka
dx
d

−−=− sincos . 

 

                                    ( )( ) ( )xx
dx
d 2sectan = , ( ) ( )






=

x
x

cos
1sec , 

                                    ( )( ) ( )kxkakxa
dx
d 2sectan = , 

                                    ( )( ) ( )bxbx
dx
d

−=− 2sectan , 

                                    ( )( ) ( )bkxkabkxa
dx
d

−=− 2sectan , 

                                    ( )( ) ( )bxkkabxka
dx
d

−=− 2sectan . 

 

Example 1   Given ( )53cos
3
2

+−= xy π , find 
dx
dy . 

 

( ) ( )53sin253sin
3
23 +=+×=

−
− xx

dx
dy ππππ . 

 
 

Example 2   Find 
( )








 −
5
2sin3 3

πx
dx
d . 

 
( ) ( )







 −=

−×
=







 −
3

2cos
5
6

5
2cos32

5
2sin3 33 πππ

x
xx

dx
d . 

 
 

Example 3   Find the derivative of 
( )

( )1
6

cos2

1
6

sin

+

+
=

x

x
y

π

π

. 

Change to ( )





 += 1

6
tan

2
1 xy π . 

 

( ) ( )





 +=






 +×=′ 1

6
sec

12
1

6
sec

2
1

6
22 xxy ππππ . 

 
 
Example 4   Find the derivative of  

( ) ( ) 10210210 10cos10sin10 ++= xxy ππ . 
 
Simplify, ( ) ( ) 10210210 10cos10sin10 ++= xxy ππ  

( ) ( )( )1cossin10 2210 ++= xx ππ  

( ) 1010 1021110 ×=+= . It is a constant. Hence, 0=′y . 
 
 
Example 5   Find ππ ≤≤− x  where the gradient of the curve 

( ) 12cos3 −= xy  is −6. 
 

Gradient ( ) ( )xx
dx
dy 2sin62sin32 −=×== − . Let 6−=

dx
dy . 

( ) 62sin6 −=−∴ x , ( ) 12sin =x .  
Solve ( ) 12sin =x  for x, where ππ ≤≤− x , i.e. ππ 222 ≤≤− x . 
 
 
 
                                                       2x 
 
 
 
 
 
 

2
32 π

−=x  or 
2
π , 

4
3π

−=∴ x  or 
4
π . 
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Derivatives of linear combinations of functions 
 

Example 1   Find the stationary point(s) of ( ) 22
12log
x

xy e += . 

The implicit domain of the function is +R . 

At the stationary points, 0=
dx
dy . 

011
3 =−=

xxdx
dy , 01

3

2

=
−

∴
x

x , 012 =−∴ x  and 0>x . 

Hence 1=x  and 
2
12log +=∴ ey . The stationary point is 







 +

2
12log,1 e . 

 
 
Example 2   Find the x-coordinates of the stationary points of 

( )xxy 2cos22 += , where ππ <<− x . 

( )x
dx
dy 2sin222 −= . Let 0=

dx
dy .  

( ) 02sin222 =−∴ x  and ππ 222 <<− x . 

( )
2

12sin =∴ x . 

 
,

4
72 π

−=∴ x ,
4

5π
− ,

4
π

4
3π . ,

8
7π

−=∴ x ,
8

5π
− ,

8
π

8
3π . 

 

 

Example 3   Find the stationary point of xeey xx 532 −+= − . 
 

0532 =−−= −xx ee
dx
dy . Multiply by xe . 

( ) ( ) 0352
2

=−− xx ee . Factorise. 

( )( ) 0312 =−+ xx ee . 

Since 012 ≠+xe , 03 =−∴ xe , 3=∴ xe  or 3logex = . 

( ) 3log573log5
3
1332 eey −=−





+=∴  

The stationary point is ( )3log57,3log ee − . 
 

 
 
The chain rule 
 
The chain rule is used to differentiate composite* functions.  
(* See ‘Functions and graphs’) 
 

Given ( )( )xufy = , ( ) ( )xuuf
dx
du

du
dy

dx
dy ′×′=×= . 

 
 
Example 1   Find the derivative of 24 x− . 
 
Let 24 xu −=  and uy =  

( )
24

2
2

1

x

xx
udx

du
du
dy

dx
dy

−

−
=−×=×= . 

 
Example 2   Given ( ) ( )1sin 2 += xxf , find ( )xf ′ . 
 
Let 12 += xu  and ( ) ( )uuf sin=∴ . 

( ) ( ) ( ) ( ) ( )1cos22cos 2 +=×=′×′=′ xxxuxuufxf . 

Example 3   Differentiate ( ) ( )xxe sincos +  with respect to x. 
 
Let ( ) ( )xxu sincos +=  and uey = . 

( ) ( )( )xxe
dx
du

du
dy

dx
dy u cossin +−×=×=  

( ) ( )( ) ( ) ( )xxexx sincossincos +−= . 
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Example 4   Find the derivative of 1log +xe . 
 
It can be done without applying the chain rule. 

Re-express: ( ) ( )1log
2
11log1log 2

1
+=+=+ xxx eee , where 

01 >+x , i.e. 1−>x . 

( ) ( ) ( )12
11log

2
11log

+
=






 +=+

x
x

dx
dx

dx
d

ee . 

 
Using the chain rule: 
Let 1+= xu , 

( ) ( ) ( )12
1

12
11log1log

+
=

+
×=×=+

xxudx
duu

dx
dx

dx
d

ee . 

 

Example 5   Given ( )1log2 2 += xeey , find 
dx
dy . 

 
Re-express: 

( ) ( )222 1log1log2 ++ == xx ee eey ( ) 121 2422 ++=+= xxx , 

( )1444 223 +=+= xxxx
dx
dy . 

Using the chain rule will involve more steps to get the same 
result. 
 
 
The product rule 
 
Use the chain rule to differentiate products of functions. 

If ( ) ( )xvxuy = , then 
dx
dvu

dx
duv

dx
dy

+=  or vuuvy ′+′=′ . 

 
 

Example 1   Find 
dx
dy , given ( ) ( )34 2123 xxy −−= . 

 
Rather than expanding the expression, use the product rule with 

( )423 −= xu  and ( )321 xv −= . 

( ) ( )33 23122343 −=−×=′ xxu , 

( ) ( )22 2162132 xxv −−=−×=′ − . 

( ) ( ) ( ) ( )2433 21623231221 xxxxy −×−+−×−=′∴ −  

        ( ) ( ) ( ) ( )2433 21236232112 xxxx −−−−−=  

        ( ) ( ) ( ) ( )[ ]2321223216 32 −−−−−= xxxx  

        ( ) ( ) ( )xxx 7423216 32 −−−=  
 
 
Example 2   Differentiate ( ) ( )xx 2sin1 3− . 
 
Let ( )31−= xu , ( )xv 2sin= , uvy =∴ . 

( )213 −=′ xu , ( )xv 2cos2=′ . 

( ) ( ) ( ) ( )xxxxy 2cos21132sin 32 ×−+−×=′  

    ( ) ( ) ( ) ( )( )xxxx 2cos122sin31 2 −+−=  
 
 

Example 3   Find the stationary point of xxey 22= . 
 
Let xu 2=  and xev 2= . 2=′u  and xev 22=′ . 

( )xeexey xxx 212222 222 +=×+×=′ . 

At stationary point, 0=′y . ( ) 0212 2 =+∴ xe x . 

Since 02 2 ≠xe , 021 =+∴ x , 
2
1

−=x  and  

e
eey 1

2
12 12

12
−=−=






−= −







 −

. The stationary point is 







 −−

e
1,

2
1 . 

 
The quotient rule 
 

For functions of the form ( ) ( )
( )xv
xuxf = , ( ) 2v

vuuvxf
′−′

=′ . This 

is called the quotient rule. It can also be expressed as 

2v
dx
dvu

dx
duv

dx
dy −

= . 

 
 
Example 1   Given ( ) ( )xxf 2tan= , show that 

( ) ( )xxf 2sec2 2=′ . 

Re-express ( ) ( )
( )x

xx
2cos
2sin2tan = . Let ( )xu 2sin= , ( )xv 2cos=  and 

( )
v
uxf = .  ( )xu 2cos2=′ , ( )xv 2sin2−=′ , 

( ) ( ) ( ) ( ) ( )
( )x

xxxx
v

vuuvxf
2cos

2sin22sin2cos22cos
22

−×−×
=

′−′
=′  

( ) ( )( )
( ) ( ) ( )x

xx
xx 2sec2

2cos
2

2cos
2sin2cos2 2

22

22

==
+

= . 

 

Example 2   Find 







x

x
dx
d elog

. 

( ) ( )
2

logloglog
x

x
dx
dxx

dx
dx

x
x

dx
d ee

e
×−×

=






  

22

log11log1

x
x

x

x
x

x
e

e −
=

×−×
= . 
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Example 3   Given 
x

xy
+

=
1

2

, find y′ . 

 

Let 2xu =  and xv += 1 . xu 2=′ , 
x

v
+

=′
12
1 . 

( )x
x

xxx

v
vuuvy

+
+

×−×+
=

′−′
=′

1
12
121 2

2 . Multiply the 

numerator and denominator by x+12 . 
( )

( ) ( )( )
( )
( )2

3
2
1

22

12

43

112

43
112

14

x

xx

xx

xx
xx

xxxy
+

+
=

++

+
=

++

−+
=′ . 

 
Example 4   Find the derivative of xex 2− . 
 
Use either the product rule or the quotient rule. 

To apply the quotient rule, re-express xex 2−  as 2x
e x

. Let xeu = , 

2xv =  and 
v
uy = . xeu =′ , xv 2=′  and  

( ) ( )
344

2

2

222
x
xe

x
xxe

x
xeex

v
vuuvy

xxxx −
=

−
=

×−
=

′−′
=′ . 

 
Anti-differentiation 
 
Standard notation for anti-differentiation of function ( )xf  is 

( )∫ dxxf . Anti-differentiation is the reverse process of 
differentiation. They undo each other. 
 

( )( ) ( )xfdxxf
dx
d

=∫   and ( )( ) ( )∫ +=





 Cxfdxxf

dx
d , where C 

is a constant. The inclusion of C in the second expression is due 

to the fact that ( )( ) ( )( )xf
dx
dCxf

dx
d

=+ . 

 

( ) Cxf +  ( )( )Cxf
dx
d

+  

10000002 −x  x2  
2x  x2  

10000002 +x  x2  
 
 
 
Relation between graph of anti-derivative function and 
graph of original function 
 

Since ( )( ) ( )xfdxxf
dx
d

=∫ , ∴the gradient of the graph of the 

anti-derivative function gives the value of the original function. 
This is the same relationship as the graph of ( )xf  and the graph 
of ( )xf ′  discussed earlier (page 2). 
 
There are infinite number of anti-derivative graphs that 
correspond to the graph of the original function. 

Example 1                                ( )∫= dxxfy  

 
 
 
                                                 ( )xfy =  

 
 
Example 2    
                                                          ( )∫= dxxfy                            

 
     
                                                           ( )xfy =  
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Approximate area ‘under’ a curve by left rectangles and 
right rectangles 
 

 
 

 
 

 
 

 
 
 
 
 
 
 
 

Example 1   Estimate the area bounded by the curve 
( ) 4205.0 2 ++−= xy , the x-axis, 6−=x  and 6=x  by left 

rectangles 2 units wide. (See diagram on the left) 
 
The first left rectangle has ( ) 2.36 =−= fy as its height, the 
height of the second left rectangle ( ) 8.34 =−f , the third 
( ) 42 =−f , etc. 

22.222.328.32428.322.3 ×+×+×+×+×+×≈Area   
( ) 4.4022.22.38.348.32.3 =×+++++= square units. 

 
Example 2   Estimate the area bounded by the curve 

( ) 4205.0 2 ++−= xy , the x-axis, 6−=x  and 6=x  by right 
rectangles 2 units wide. (See diagram on the left) 
 
The first right rectangle has ( ) 8.34 =−= fy as its height, the 
height of the second right rectangle ( ) 42 =−f , the third 
( ) 8.30 =f , etc. 

28.022.222.328.32428.3 ×+×+×+×+×+×≈Area   
( ) 6.3528.02.22.38.348.3 =×+++++=  square units. 

 
Note: The average of the above two results give a better estimate 

of the required area, i.e. 9.37
2

6.352.40
=

+  square units. 

Using graphics calculator, evaluate ( )∫ = 4.38dxxf square units. 
 
Example 3   Use right rectangles 1 unit wide to estimate the area 
bounded by the curve ( )( )2341.0 −+= xxxy  and the x-axis. 
 
The given function is in factorised form, the linear factors 
indicate the location of the x-intercepts: .3,0,4−=x  It is a 
turning point at .3=x  
 

 
 
For 04 ≤≤− x , ( ) 0≤xf , ∴ the height of a rectangle ( )af=  
for 04 ≤≤− a . 
 

x - 3 - 2 - 1 0 1 2 3 
( )xf  5.4 5 2.4 0 1 0.6 0 

 
( ) 4.14106.0104.254.5 =×++++++≈Area square units. 
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The fundamental theorem of calculus 
 
If F is any anti-derivative of f on interval [ ]ba, , i.e. 

( ) ( )∫= ,dxxfxF then ( ) ( ) ( ).aFbFdxxf
b

a

−=∫  

This statement is known as the fundamental theorem of calculus. 

( )∫
b

a

dxxf  is called a definite integral, and ( )∫ dxxf , an anti-

derivative of ( )xf  is also called an indefinite integral. 
 
Example 1   Given the anti-derivative of ( )xf  is 

,
5

1sin
2 +

+
xx evaluate ( ) .

2

0
∫

π

dxxf  

( ) ( )
5
1

20
41

5
10sin

20
4

2
sin

222

0

−
+

+=





 +−







 +
+=∫

πππ
π

dxxf  

1
20

2

+=
π . 

 

Example 2   Given the anti-derivative of ( )xg  is 
( )

1
1log

+
+

x
xe , 

evaluate ( ) .
1

0
∫ dxxg  

( ) 2log
2
1

1
1log

2
2log1

0
e

eedxxg =−=∫  or 2log e . 

 
 
In practice an intermediate step is added before the substitutions 

of a and b. ( ) ( )[ ] ( ) ( )aFbFxFdxxf b
a

b

a

−==∫ . 

 
Example 3   The anti-derivative of ( )xh  is 

,
cos

1sin 2
2

x
x − evaluate ( )∫

t

dxxh
0

, where 
2

0 π
<< t . 

( ) 





 −−






 −=



 −=∫ 0cos

10
cos

1sin
cos

1sin 22
2

0
2

2

0 t
t

x
xdxxh

tt

 

1
cos

1sin 2
2 +−=

t
t . 

 
Properties of anti-derivatives and definite integrals 
 

( ) ( )∫ ∫= dxxfAdxxAf  

( ) ( )( ) ( ) ( )∫ ∫ ∫±=± dxxgdxxfdxxgxf  

( ) ( ) ( )∫∫∫ =+
c

a

c

b

b

a

dxxfdxxfdxxf  

( ) ( )∫ ∫−=
b

a

a

b

dxxfdxxf  

( ) 0=∫
a

a

dxxf  

Rules for anti-derivatives of nx , where Qn∈  
For 1−≠n , 

C
n
xdxx

n
n +

+
=∫

+

1

1

 

C
n
axdxax

n
n +

+
=∫

+

1

1

 

( ) ( ) C
n

bxdxbx
n

n +
+

−
=−∫

+

1

1

 

( ) ( )
( ) C
nk

bkxadxbkxa
n

n +
+
−

=−∫
+

1

1

. 

For ,1−=n  i.e. 1−x  or ,1
x

where 0≠x , 

Cxdx
x e +=∫ log1  

Cx
k
adx

kx
a

e +=∫ log  

∫ +−=
−

Cbxdx
bx elog1  

( )∫ +−=
−

Cbx
k
adx

bxk
a

elog  

∫ +−=
−

Cbkx
k
adx

bkx
a

elog . 

 
Rules for anti-derivative of kxe  

Cedxe xx +=∫  

Ce
k
adxae kxkx +=∫  

Cedxe bxbx +=∫ −−  

( ) ( )∫ += −− Ce
k
adxae bxkbxk  

∫ += −− Ce
k
adxae bkxbkx  

 
Rules for anti-derivatives of ( )kxcos  and ( )kxsin  

( ) ( )∫ += Cxdxx sincos  

( ) ( )∫ += Ckx
k
adxkxa sincos  

( ) ( )∫ +−=− Cbxdxbx sincos  

( ) ( )∫ +−=− Cbxk
k
adxbxka sincos  

( ) ( )∫ +−=− Cbkx
k
adxbkxa sincos  

 
 

( ) ( )∫ +−= Cxdxx cossin  

( ) ( )∫ +−= Ckx
k
adxkxa cossin  

( ) ( )∫ +−−=− Cbxdxbx cossin  

( ) ( )∫ +−−=− Cbxk
k
adxbxka cossin  

( ) ( )∫ +−−=− Cbkx
k
adxbkxa cossin  
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Example 1    Find an anti-derivative of 
( )2125

3
+

−
x

. 

( )
( ) ( )

( )( ) ( ) C
x

Cxdxxdx
x

+
+

=+
−
+−

=
+−

=
+

−
∫ ∫

−−

1210
3

215
123

5
123

125
3 12

2
 

Choose any real value for C, usually 0 for convenience. 
 
 

Example 2   Find ( ) ∫ −
= dx

x
xF

43
2  such that ( ) 11 =F . 

( ) ,43log
3
2 CxxF e +−= ( ) 11log

3
21 =+−= CF e , 

( ) 11log
3
2

=+∴ Ce , 1=C . ( ) 143log
3
2

+−=∴ xxF e . 

 
 
Example 3   Given ( ) ( ) xexxf ππ 21cos −+=′ , find ( )xf  such 

that ( )
π
20 −=f . 

( ) ( ) xexxf ππ 21cos −+=′ , ( ) ( )( )∫ −+=∴ dxexxf xππ 21cos  

( ) Cex x +−+= π

π
π

π
21sin1 . 

( )
ππ

π
π

22sin10 0 −=+−= Cef , 0=∴C . 

( ) ( ) xexxf π

π
π

π
21sin1

−+=∴ . 

 
 

Example 4   Evaluate ( )( )dxxx 11 2
1

1

2 +−∫
−

. 

( )( ) ( )
1

1

51

1

42
1

1

2

5
111

−−−








−=−=+− ∫∫ xxdxxdxxx  

5
81

5
11

5
1

−=





 +
−

−





 −= . 

 
 

Example 5   Evaluate ∫
−−2log

0
2

22e

dx
e

ee
x

xx

. 

( )
2log

0

4
2log

0

4
2log

0
2

22

4
11

eee
xx

x

xx

exdxedx
e

ee




 +=−=

− −−
−

∫∫  

4
1

16
1

4
12log

4
10

4
12log 02log4 −×+=






 +−






 += −

ee ee e  

64
152log −= e . 

 
 

Example 6   Evaluate ∫ +
+1

0

2

1
1 dx

x
x . 

( )
1

0

21

0

1

0

2

1log2
21

21
1
1









++−=








+
+−=

+
+

∫∫ xxxdx
x

xdx
x

x
e  

( )
2
12log202log21

2
1

−=−





 +−= ee . 

Integration by recognition 
 

Example 1   Find ∫ dx
x2cos

1 . 

( ) ( ) ( )∫∫ +== Cxdxxdx
x

tansec
cos

1 2
2  by recognising that 

( )( ) ( )xx
dx
d 2sectan = . 

 
Example 2   Find the derivative of xx elog . Hence find the anti-
derivative of xelog . 
Let ,log xxy e= apply the product rule to obtain 

( )( ) ( ) 1log11log +=





+= x

x
xx

dx
dy

ee , 

1log −=∴
dx
dyxe . ∫ ∫ ∫ ∫−=






 −= dxdx

dx
dydx

dx
dyxdxe 11log  

CxxxCxy e +−=+−= log . 
 
Example 3   Find ( )xf ′ , given ( ) ( )1sin −= xxf . Hence evaluate 

( )
∫
−

−π

π

2

2
2

1cos dx
x

x . 

( ) ( )1sin −= xxf , use the chain rule to obtain 

( ) ( )12 cos −−−=′ xxxf . 

( ) ( ) ( )[ ] ( )[ ]π
π

π

π

π

π

π

π

2

2
1

2

2

2

2

2

2
2

1

sincos
−

−

−
−−

−

−=−=′−=∴ ∫∫ xxfdxxfdx
x

x  

211
2

sin
2

sin −=−−=













−−−














−=

ππ . 

 

Example 4   Given ,2xxey −=  find 
dx
dy  and hence evaluate 

∫ −
1

0

2 dxxe x . 

,2xxey −= ( )( ) ( )( ) xxxx exeeex
dx
dy 2222 212 −−−− +−=+−=∴  







 −=∴ −−

dx
dyexe xx 22

2
1 , dx

dx
dyedxxe xx ∫∫ 






 −=∴ −−

1

0

2
1

0

2

2
1  







 −
−

−







−

−
=




















−

−
= −

−
−

−

0
2

1
2
1

22
1

22
1 2

2
1

0

2
2

eexee x
x

 

( )2
2

31
4
1

4
3

4
1 −

−

−=−= ee . 

 
 
 
 
 
 
 
 
 


