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Further Calculus Part I

Review of basic properties and rules of differentiation

Properties of differentiation:

D)
) L (1) gle) =L (1(x)) £ L (g(x)

pe _\/—x”).
4B o i) L o i

dx 2

Shgsie]

27r dx

Example 1 Find the derivative of 2£ (2e
Vs

V3 -

Py (27re \/_ﬂx 1)

e 3

Example 2 Given f'(x)z cos? x and y= Z(f(x)—gj ,

evaluate Q when x:E.
dx 2

r= 163} Lo -1 ]2 )

dx

=2cos? x—1 =cos2x=cosz =—1.

Rules of differentiation:

The product rule is used to differentiate functions that are
the products of two other functions.

B dy _ du  dv
If y—u(x)v(x),then e de +u e

Alternative notations: y'=vu'+uwv'".

Example 1 Differentiate 2e’ sin(2x—%j.

i2eE sin(2x—£
dx 2
X X
=2e? isin 2x—Z | 4sin| 2x - % i262
dx 2 2 )dx
=4e? cos(Zx —EJ + erE sin[Zx - E)
2 2
=e3 4cos 2x—— +sin 2x—£ .
2 2
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Example 2 Find f'(x), given f(x): \/2x+1(x2 +x—1).

Hence evaluate f '(0).

f(x):\/2x+l(x2 +x—l),
f'(x)=\/2x+ldi(x2 +x—1)+ (x2 +x—1)di\/2x+1
X x

=2 1(2x+1)+ (¢ +x—1)

1
V2x+1

=V2x+1(2x+1) (x+ 1)“22“11
X+

(e x— 1)]

2x+1

2

m[Sx +5x} 5x(x+1 2x+1

2x+1 2x+1

Hence f'(0)=

The quotient rule is used to differentiate expressions of the

form @
v(x)
du dv
u(x dy 14 E —u a
If y:_’ then _:—2.
v(x) dx .
Alternative notations: y' = vu —2 uy
y
Example 1 Differentiate ﬂi;bx '
X

2 d B d
d[210gebszx - (2log, bx)—(2log, bx)- -

el T
x’ (zj - (2 log, bx)(Zx)
X
- =
2x(1-2log, bx) 2(1-2log, bx)
B X4 B )C3 '

Example 2 Find an equation of the tangent line to the curve

y= s at x=2.
I+x
2 2
Gradient function: d_y: (1+x Xl)—x(Zx): = 5 -
dx (1+xz)Z (1+x2)
2
Atx:Z,mT: =-0.12 and y=04.

1-2
(1+22f
Equation of the tangent: y—y, =m;, (x - X ) ,
y-0.4=-0.12(x-2),
y=-0.12x+0.28.
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The chain rule is used to find the derivatives of composite
functions. If y = f(u(x)) , then & = ﬂxﬂ .
dx du dx

Alternative notations: y' = f"(u)u’ .

Example 1 Differentiate /sin(x—%) .

Let y= Ju , where u = sin(x—%) .

dy 1 1

du [ 7[)
—= = and — =cos| x——|.
du  2Ju 2\/. ( ,,j dx 3
sin| x——
3

T
cos| x——
dy _ dy du _ [ 3}

'dx du dx
2 sm x——

Example 2 Find the derivative of sin ’x —%
. f V4

Let y=sinu , where u = x—?.

dy—cosu—cos‘/x—z and—: !

du 3 dx b

2. x——
3

COS,[X—

W§

LAy _dy

Tde du dx

)
=
|
w\:\

Derivatives of inverse trigonometric (circular) functions

Inverse sine functions:

/) /&)

J_
-
L

Example 1 Differentiate %Sin’l (-2x) .

Let f(x):%Sin’l(—Zx)
-2 1

J1-4x2

W)=

2 \/1—(—2x)2 )
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Example 2 Find 4 25 2+ 2.
dx 3 6

d(zswﬁ fj 2L g2
dx 3 6 dx 3 02

Example 3 Find the derivative of Sin™' [Ej .

x
Let y:Sin’lu,where u:%.
dy _ _ 1 X du 2
du \/1 u? \/ 9 \/x2 4 dx X
s
dy dy du _

T du dx

xVx?—4 .

Inverse cosine functions:

/(x) f(x)

-1
Cos ' x

Ny
V1 —(ax)2

Cos’l(ax) B
Cos™ (f}a >0 —;
a /a2—x2
Cos™| X ]a<0 . —
0s ;,a< m

Example 1
Show that the derivative of Cosl(axj is S
b 2
b (ax)

. . 42
for a,b>0.Hence differentiate Cos I(ij

Let y=Cos'(u), where u :%
ﬂ__ I 1 b

du J1-u2 B \/ Ry a \/bz—(ax)z and
-5)
du a
dx Z
dy dy du

Tde du / ax
d o 2x 2
Hence —Cos™| — |=———.
dx [ 3 j VO —4x?
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Inverse tangent functions:

/) [x)
Tan™'x 1+1x2
—1 a
Tan (ax) 1+(ax)2
Tan_l[fj 2a 5

a a +x

Example 1 Show that the derivative of T¢ an‘l(%j is

ab
b +(ax)’

. Hence differentiate Tan™ (_73)6) .

Let y=Tan"(u), where u = cz_x :

2
b1 B e a
du 1+u ax b+(ax) dx
1+?

. dy dy du ab
S E X ——
dc du dx b +(ax)

Hence iTan_l(_—3xj = —L .
dx 2 4+9x?

Second derivatives

The derivative of the derivative of a function is called the

second derivative of the function.

If y=1 (x) , the second derivative is denoted by

o) LAy
yi=1 (x)_dx[dxj_ e’

2

Example 1 Find d )2/ ,
dx

given y =log, b(x + 1).

2
yzlogeb(x+1),@:L dy___|

dx  x+1° dx® - (x+1)2 '

2
Example 2 Show that Z’ Y4 yfory=3e7".
X

=

o dy -2
=3¢, =6,
d dx
2
Z{=12672X=4x3e’2"=4y.
X

© Copyright itute.com 2006 Free download & print from www.itute.com Do not reproduce by other means

Example 3 The position of an object moving along a
straight path is given by x=5-10cos’¢ for t>0. Find the

. . . . T
position, velocity and acceleration of the object at ¢ = 5

x=5-10cos’*t = —5(20052 t—l): —5cos2t,

2
v:%:IOSinZt, a=P -4 0052

At t:%’ x=-5cosz=5,

v=10sin7 =0, a=20cosz =-20.

Application of second derivative to the analysis of graphs
of functions

Given a continuous and ‘smooth’ function f/(x),

rle) | e at x=c
=0 >0 local minimum
=0 <0 local maximum
=0 = stationary inflection point
#0 = inflection point
Local min. | Local max. Stationary Inflection
inflection pt. | point
£
C
f')
Vi ”(x) A
— o E—
> N

Example 1 Find the stationary points and inflection points
of the function e*sinx,0<x <27z . Sketch the graph.

. d . .
Let y=e"sinx, d—y:e" cosx+e’ s1nx:e"(cosx+s1nx),
x
d? . .
7 f :e"(—smx+cosx)+e"(cosx+smx):Zex cosx .
x
d*y
Inflection points: —5-=0, .. 2e" cosx=0, ..cosx =0,
dx
T 3rx
x==,—.
22
LA 3 r = ir =
Ly=e?,—e?. —,e? |, |—,—e? |.
2 2
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Stationary points: ;l_y =0, ..¢e (cosx +sin x) =0,
x

socosx+sinx=0, 1+tanx=0, tanx=—1,
3r I
X=—,—.
4 4

3z ks

3 - 7 o
T3 N2et + . Ir VJ2e*
sin——=—"—0 sin— =— )

Ly=e re
’ 4 2 4 2
3z 1z
3z N2t | 177 e
47 2 ' 47 2
2 ELs
At x:3—”, d Z:2€XCOSx=2€4 coss—”<0,
4 dx 4
3z
3z \/564 . .
. T, > is a local maximum.
2 7
At x:7—”, d i}:ZeXcosx:2e4 cos7—7[>0,
4 dx 4
Iz
s 2e 4 | . ..
R is a local minimum.

Example 2 Find and determine the nature of the stationary
points and inflection points of the function with equation

y= 2x+ . Does it have an asymptote? Sketch its graph.
x
X ,:vu’—uv’:(x2+l)—x(2x): 1-x?
e S
v (x2 +1)2 (— 2x)—(1 -x2 XZ(xZ +1)2x)
y'= P
X +l)
_ 2)(!)62 +1!x2 —3!
(x2 +l)4 '
Stationary points: y'=0, 1-a" =0, ..1-x*=0,

(x2 +1)2

al' _1’_1 s l’l .
2 2 2

Sx=-11, y=—

N | —
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At x=-1, y">0, .. (— 1,—%} is a local minimum.

At x=1, y"<0, .. (1,%) is a local maximum.

Inflection points: y" =0,

2x!x2 +1!x2 —3!:0
(xz +1)4 ’
2x(x? +1)x? =3)=0,

V3

Sox= O,i\/g, Ly= O,iT .
(0,0), (—ﬁ,—%}, {ﬁ,@}.

Y

y=x/ (29241)

Horizontal asymptote: y=0.

Implicit differentiation

This topic is an application of the chain rule. The derivatives
of relations like x> +y* =9 and 3xy*> =x+ y can be

obtained by implicit differentiation. This method eliminates
the tedious task of rewriting a relation to make y the subject.

Example 1 Given x*>+y*> =9, use implicit differentiation

to find ﬂ in terms of x.
dx

Differentiate both sides of x* + y> =9 with respect to x, use
the chain rule if necessary. Note: y is a function of x.

d(, ) d
—lx +y7)=—109),
dx( Y ) dx( )
d
2 )+—?)=0,
dx( ) dx(y)
2
2x+MX—y=0,
dy x
2x+2yd—y=0,@— X
dx dx y
Since y=#v9—-x? , L
X 9—x’
Further Calculus Part I 4



Example 2 Given 3xy° = x+ y, use implicit
differentiation to find Z—y in terms of x and y. Hence
X
dy

evaluate —at x=2.
dx

Differentiate both sides of 3xy*> = x+ y with respect to x,

d d
$<3xy2)za(x+y),
2 4 ()4 () 4
Y dx(3x)+3xdx(y) dx(x)+ dx(y)’
2
.'.3y2+3xde—y=l+d—y, .'.3y2+6xyd—y=l+d—y,
dy dx dx dx dx

dy dy 2 dy 2
6y D 1337 (61N =1-3y2,
v ¥, (6xy )dx y

cdy _1-3y°
Tdx 6xy—1°

At x=2,6y*=2+y, 6y —y-2=0,

12
2y+1)3y-2)=0, ..y=—,=.
(2y+1)3y-2) y=-23
Hence Q:L,—L.

dx 28 21

Related rates

In a related rates problem, the rate of change of one
quantity is expressed in terms of the rate of change of
another quantity. This requires one to find a relationship
(i.e. an equation) between the two quantities, and using the
chain rule to differentiate both sides with respect to time or
other variables.

Example 1  Air is pumped into a spherical balloon at a
constant rate of 80 cm’s™'. How fast does the radius
increase when it is 30 cm?

The two quantities in this problem are volume ¥ cm® and

. . . .. 4
radius » cm. Their relationship is V' = Eﬂ?’3 .

Differentiate both sides with respect to time ¢:

av d(4 d(4 5)\dr , dr
— ===’ |=—| =’ |— =4 —,
dt  dt\3 dr\ 3 dt dt

Ldr_ 1 dr
Cdr 4wt odr

Given d—V:+80, at r =30,
dt

ﬂ: ! 2><80:Lcms'1.
dt  4z(30) 457
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Example 2 A lighthouse is on a small island 2.5 km from
the nearest point P on a straight shoreline. The light makes
four revolutions per minute. How fast is the beam of light
moving along the shoreline when it is 0.5 km from P?

2.5 Beam

Lighthouse

Let x km be the distance of the beam from P along the
shoreline, and @the angle in radians between the beam and
the dotted line.

The two quantities in this problem are x and 6. Their
relationship is x =2.5tan 6 .

Differentiate both sides with respect to time # (hours):

_d (2.5tan @)= i(2.5 tanﬁ)ﬁ —2.55ec? 049
do dt

dr dt dr

Given % =4 rev min” =8z radians min’
=480 radians hour, and at x=0.5,

o=tan"[ 22| =0.1974.
25
% = 2.5(sec? 0.1974)x 4807 = 3921 kmh”"

Alternative method:

Express the relationship as 8 = tanl(z—xsj .
Differentiate both sides with respect to time # (hours):
de d . ( x d af x \dx 2.5 dx
—=—tan | — |=—tan | — | —=————
dt dt 25) dx 25)dt 25 +x* dt
cdx _25°+x’dO _25°+05°
Cdt 25 at 2.5

x 4807 =3921kmh™.

Example 3 A playground slide has a profile given by

X

y= 3e 2, x[0,5]. A kid slides down the slope and has a

horizontal speed of 1.5 ms™ at x=3m. Calculate the
vertical speed at that instant.

AV
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The two quantities in this problem are x and y. Their

X

relationship is y = 3e 2.

Differentiate both sides with respect to time # (s):
dy_da5_da5d 3 5

2

dr di o @ 2% ar

Given éz1.5at x=3,
dt

b _ 3
dt
the kid is 0.50 ms™!
motion.

3
e 2x1.5=-0.50ms™, i.e. the vertical speed of

. The negative sign indicates downward

Example 4 Consider the following pulley system in lifting
a load. The side pulley is 4.0 m from the wall. The rope is
pulled at a constant speed of 0.80 ms™'. How fast does the
load rise when the centre pulley is 1.0 m lower than the side
pulley?

20— —— 20 —-

Side pulley

0.80 ms™

Let L m be the length of the rope between the side pulley
and the wall when the centre pulley is y m lower than the
side pulley.

2 2
L P L
— | =27+y, y=,——-4.
(5] =240 v

Differentiate both sides with respect to time ¢ (s):

dy _ d fLZ 4- L dL
dt 4 dL dt I? dt
4 . 4

N
Cdt o\ y6 dt

Given %:—0.80 ,when y=1.0, L=25,

% =-0.89, i.e. y decreases at 0.89 ms™ and the load

rises at 0.89 ms™.
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Review of some basic anti-differentiation properties

J.f'(x)dx:f(x)+c
.[khx)dxzk.[hx)dx
3) J. +q )ix J.px)dx-i-.'.qx)dx

Example 1 FindJ.Z(ezx —ljdx .
x

2 -1
Example 2 Anti-differentiate S 2xtx
x

J'Sx —2x+x

J.(Sx—2+x’2)dx

= ISxdx—jde +Jlx’2dx

=£)c2 —2x—l+C
X

Example 3 If f'(x)=cos2x—sin2x, find f(x), given

f'(x) =cos2x—sin2x, .. f(x) = I(cos 2x —sin 2x)dx

:Icos2xdx—jsin2xdx :%sin2x+%cos2x+C .

Given f z =0, .'.lsin2 z +lc052 r +C=0,
2 2 2 2 2

=C -1 . Hence f(x):lsin2x+lc032x+l .
2 2 2 2

Example 4 Differentiate loge(sin(Zx - 1)) and hence find

an anti-derivative of cot(2x - l).

Apply the chain rule: Let y =log, u, where u = sin(2x - 1) ,

dy 1 1 du
== =2cos(2x-1) .
du u sin(2x—1)" dx cos{2x )

d . dy du
So—1 2x—1
_-log,(sin(2x 1)) =—=x =2

200s(2x - 1)

m = 2cot(2x —1)

cot(2x - 1) = liloge (sin(2x - 1)) .
2 dx
Hence jcot(Zx ~1)dx = J.liloge(sin(Zx - 1))dx
2 dx

1rd . _1 . B
= Ej.aloge(sm(Zx—l))dx . loge(s1n(2x 1))
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Anti-differentiation techniques

Anti-differentiation of \/azl_ = and " ixz
%) [ f(ekax
;,a>0 Sinl[iijC
JER a
1
,a>0 1 gin™
- (ax)2 ; Sin (ax)+ C
_—1’a>0 Cosl(£)+c
a-x a
-1
—2,a>0 lCos_l(ax)-FC
1-(ax) a
%,a>0 Tanl(ij+c
a +x a
1 1
——a>0 —Tan™
l+(ax)2 a> aTan (ax)+C

. -1
Example | Find | ——=dx.

V2 -x*

I

Example 2 Find an anti-derivative of -
S+x

e e et

:%Tan*‘ {%} or %Tan' (%j

Example 3 Anti-differentiate

1—4x®

Alternative method:

e UT
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Anti-differentiation of expressions of the form
f (g(x))g'(x) using the substitution u = g(x)

Note: ﬂdx =du
dx

Example 1 Find j 2x1-3x7dx.

Let u=1-3x2, & _ gy - yo_Ldu
dx 6 dx

J.Zx 1-3x%dx = J‘2(—%j\/;%dx

3

L 3 3
:—lJ.uzalu:—lxzu2 +C:—E(1—3x2)2 +C.
3 33 9

. o 1 i
Example 2 Find an anti-derivative of M .
X
Let u=log,x, du l
dx  x

ol e fu o

= é;ﬂ +(C= é(loge x)3 +C.

Example 3 Find I sec’x tan” xdx .

d
Let u=tanx, % —sec?x.
dx

J.seczxtan2 xdx = J.u2 d—udx = qudu
dx
[

=—u +C:ltan3x+C.
3 3

Example 4 Find ;dx .
1-x*Sin™'x

Let u=Sin""x, ﬂ: !

dx 1-x*
e

J.ld—udx J‘ldu
u
= loge|u|+C:10gE

Sin’1x|+ C

lelnx

Example 5 Anti-differentiate cos” xsin’ x .

J.cosz xsin® xdx = J.cosz xsin? xsin xdx
2 2 .
= J‘cos x(l —cos x)sm xdx
2 4 .
= j(cos X—CoS x)sm xdx .
du

du . .
Let u=cosx, —=-sinx, ..sinx=——.
dx dx

J.(cos2 x—cos’ x)sin xdx = j(uz —u* I—ﬂjdx
dx
=J(u4 —uz)du =%u5 —%uS +C

:lcossx—lcos3x+C.
5 3
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Anti-differentiation by linear substitution

This technique is particularly useful for expressions of the
form f/(x)g(ax +b), where f (x) is a polynomial function

and g is a rational power function of ax+5.
Using the substitution u=ax+b, f (x)g(ax +b) becomes

f (?jg(u) :

Example 1 Find va 1—xdx .

=-1 or 1:_ﬂ
dx

S
) 1 u)uzdu

Let u=1-x,then x=1-u,

[T =1 M[

et

3

=§(1—x)§ —%(l—x)i +C.

——u2 +C
3

x? +1
Example 2 Fmd‘[
\/x+
Let u=x+1,then x=u—-1, du =1.
dx
2 3 1 L
.[x +1/Ix:.[( ? +1du j u?—=2u?+2u ? |du
\/x+l 3 dx

u
S 3 1

==u? —%uz +4u? +C

5

=§(x+1)§ —%(x—i—l)% +4(x+1)% +C.

2
Example 3 Find an anti-derivative of (2x + 1)(2x - 3)5 .

Let u=2x-3,then x:u+3, ﬂ:2 or ld—uzl.
2 dx 2 dx

[xt 1) 2r-3) dv=[(us4p? (1 duj

5 2 8 5
=1J. u® +4u’ duzl Eu3+£u3
2 218 5

=%(2x—3)§+g(2x—3)§.

Anti-differentiation using the trigonometric identities

sin’ (ax) = %(1 - cos(2ax)) and cos’ (ax) = %(l + cos(2ax))

Example 1 Findjcosz[gjdx .

jam{%}h:I%O+cmxhkzéjﬂ+cmx%k

:l(x+sinx+c)=lx+lsinx+C.
2 2 2
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Example 2 Anti-differentiate 2sin’ (3x)— Sx

J(2 sin®(3x)— Sx)dx = .[(l —cos 2(3x)— Sx)dx

= x—lsin(6x)—2x2 +C.
6 2
Example 3 Find an anti-derivative of cos® x .

cos* x = (cos” x| = [2(I+coszx))2

(1 +2cos2x+cos Zx)

[1 +2c0s2x+— (1 +cos 4x))
3
E+20032x+—cos4x

(3 +4cos2x+cos 4x)

OOI—- -h|>—‘ -hl»— .|;|._a

Icos“ xdx = %I(3+4cos2x+cos4x)dx
1 . 1.
=—|3x+2sin2x+—sin4x
8 4

:3%(12x+8sin2x+sin4x).

Anti-differentiation using partial fractions of rational
Sfunctions with quadratic denominators

Partial fractions

A fraction can be changed to the sum or difference of two or
more fractions, for examples,

+ +

s

[SR NN

3
4

1.1
4 2710 2 5

N |
N | —

Rational algebraic expressions can also be changed to partial
fractions if the denominator can be factorised.

Example 1 Change to partial fractions.

X
2
xi—
x+1 x+1 4 B

Alx+2)+B(x-2)
= = + =
x4 (x—2)(x+2) x—2 x+2

G2l +2)

Compare the numerators: A(x + 2)+ B(x - 2) =x+1,itis true

forall xeR.
Let x=2,44=3, Azé.
4
1
Let x=-2, 4B=-1, B=—.

x+l 5

x 3 1
—= + +
x -4 x-2 x+2

Hence 4x-2) 4(x+2)

or

Further Calculus Part I 8



Relationship between the graph of a function and the

Example 2 Convert graphs of its anti-derivatives

ﬁ to partial fractions.
The rational expression has a repeated factor.
X A B A(x-3)+B
= + = LA =3)+B=x.
T A S A

The graph of the gradient of an anti-derivative is the graph
of the original function, - di J f (x)dx = f(x), where f (x)
X

is the original function.
Let x=3, .B=3.Let x=0, .34=B=3, .. A=1.

X 1 3
H = .
enee (x - 3)2 x=3 i (x - 3)2 Example 1 ~ Sketch the graph of f(x) given the graph of

F(x)= J f(x)dx shown below.

2

Example 3 Transform to partial fractions.

2

x°=3x+
|4 |
The numerator and denominator have the same degree. I :
2643 2 —3x+2)+6x-1 6x-1 /T I
3 = 3 =2+— | |
x°=3x+2 x°=3x+2 x°=3x+2 } } » X
— |
P et R S \*—/

|
(x—Z)(x—l) x—2+ﬂ i :
e A(x=1)+ Blx—2)=6x—1. i 2 /) i
| |

|

|

:2+A(x—l)+B(x—2)
(x—2)x-1)
Let x=2, A=11.Let x=1, B=-5. \ V
2 N '
Hence 22x *3 =2+ H_5 . 1 .
x°=3x+2 x—2 x-1 : |

Example 4 Findj )z+1 dx .
x" -4

Refer to example 1.

.[ x+1 dy— J- 3 + T i Example 2  Given the graph of an anti-derivative of a
-4 N x=2 x+2 function as shown below, sketch the graph of the function.
:%log@ x—2|+%loge x+2|+C
| A I
| Foyy
| | |
Example 5 Find F(x): J‘f(x}lx , given f(x) = al > : : /| >
(x - 3) . ! ! ! >
and F(4)=4. N ‘I/ !
Refer t le 2, f(x)=— L, 2 | L
efer to example 2, XxX)= = . | | |
P (—3F x-3 (x-3F | o
. 3 | )
| A I
Flx)=|flxpx= + dx
RPN I A
| I R
:10gex—3|—%+C. : : : o
X — ; < | |
Given F(4)=4, .'.F(4)=loge4—3|—ﬁ+c=4, l o
N | | |
~.C=7.Hence F(x)=log, x—3|—i3+7 .
X—
2
Example 6 Anti-differentiate 22x—+3 .
x°=3x+2

Refer to example 3.

2
J- 22)( +3 dx:I 24 11 _ 5 dx
x°=3x+2 x—2 x-1

=2x+1llog,

x—2|-5log, |[x—1]+C.
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Example 3  Sketch the graph of an anti-derivative of the
function f (x) shown below.

»

)

Example 3 Evaluate Jﬁcoss(Zx)dx

cos’(2x)= (cos2 (2x))2 cos(2x)= (1 —sin’ (2x))2 cos(2x)
= (1 —2sin’ (2x)+ sin* (2x))cos(2x) .

du

»

|
|
|
|
/_\: Let u= sin(2x) , du_ 2cos(2x), . cos(2x)= Ldu .
: » dx ’ 2 dx
|
|
|

AF(x)

when x=—, u=sin2| —

> x
When x=0, u=sin0=0,
. (ﬂj_

jﬁcoss (2x)dx = J.E (1 —2sin*(2x)+ sin“(Zx))cos(Zx)dx
o o

=JE(1—2u2 +u4)lﬂdx
o 2 dx

|
|
: —{%(u—§u3+%u5ﬂ
\1_/
! 1[1 2(1)3 1(
| =5157315) T332
2(2 3\2) s\2
| _203
960

On the above graph sketch another two anti-derivative
graphs of the given function f (x)

Evaluation of definite integrals

In cases involving substitution and change of variable x to u,
it is not necessary to convert the anti-derivative back to the
original variable x before evaluation. It is simpler to change
the values of the lower and upper limits of the definite
integral to the values corresponding to the new variable u.

Example 1 Evaluate rlOg—gxdx .
X

Let u =log, x, ﬂ:l
dx x

When x=1, u=log,1=0, when x=e, u=log,e=1.

e e 1 !
.'.Ik)g—“xdx=_[ud—udx=‘|.udu: lu2 _L
I x I dx 0 2 o 2

is

Example 2 Evaluate J.X sec’ x tan xdx .
0

du
Let u=tanx, — =sec’ x .
dx

When x=0, u=tan0=0, when x=%, u:tan%zl.

x z ' 1
.'.I4seczxtanxdx:_[4uﬂdx:Iudu :[%uz} :l.

0 b dx o 0
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