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Further Calculus Part II 
Applications of integration 
 
Areas of regions bounded by curves 
 
Example 1    Find the exact area of the region bounded by 

the curve 
21

1

x
y

−
= , 1−=x , 1=x  and the x-axis. 
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Note: Although 
21

1

x−
 is undefined at 1±=x , the 

definite integral ∫− −

1

1 21

1 dx
x

is finite. 

 
 
Example 2    Find the exact area of the region bounded by 

the curve 21
21
x
xy

+
+

=  and the x-axis from 0=x to 1=x . 
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Example 3    (a) Find the exact area of the region bounded 

by the curve xSiny 1−= and the y-axis from 0=y  to 
2
π

=y . 

(b) Hence find the exact area of the region bounded by the 
curve xSiny 1−= and the x-axis from x = 0 to x = 1. 
                         y 
 
                       π/2 
 
 
                        dy 
                                   x 
 
 
                          0                     1                        x 
 

(a)    xSiny 1−= , yx sin=∴ . 

[ ]2
0

2

0

2

0
cossin

πππ

yydyxdyArea −=== ∫∫  

( ) 10cos
2

cos =−−





−=

π . 

(b)   The required area is obtained by subtracting the answer 

in (a) from the area of the rectangular region 
2

1 π
×  . 

1
2
−=∴

πArea . Note: direct evaluation of ∫ −
1

0

1xdxSin is not 

required for exam purpose. However, students are expected 

to find 5708.0
1

0

1 ≈∫ − xdxSin  by graphics calculator. 
 

Example 4    Find the exact value of ∫
e

e xdx
1
log . 

∫
e

e xdx
1
log gives the area of the region between the curve 

xy elog=  and the x-axis from 1=x  to ex = . Direct 

evaluation of ∫
e

e xdx
1
log is not required. 

                               y 
 
                          1 
 
                        dy        
                                 x 
                          0          1             e                 x 
 
 
When ex = , 1=y . 
Area of the region bounded by the curve xy elog=  and the 
y-axis from 0=y  to 1=y : 

[ ] 1
1
0

1

0

1

0
−=== ∫∫ eedyexdy yy . 

Area of the region bounded by the curve xy elog=  and the 
x-axis from 1=x  to ex =  is obtained by subtracting the 
area ( )1−e  from the area of the rectangular region 1×e . 

( ) 111log
1

=−−×=∴∫ eexdx
e

e . 
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Example 5    (a) Use graphics calculator to find the area of 
the region bounded by the curves 2xy =  and 22 xy −= . 
(b) Hence find the area of the regions bounded by the two 
curves and the x-axis. 
 

 
 

(a)    Solve 2xy =  and 22 xy −=  simultaneously to find 
the x-coordinates of the intersections. 

22 2 xx −= , ( ) 02222 =−+ xx , ( )( ) 012 22 =−+∴ xx , 
1±=∴ x . 

Area of region bounded by the two curves: 

904.12
1

1

22 ≈




 −−∫− dxxx  (Graphics calculator) 

(b)    Area of the regions bounded by the two curves and the 
 x-axis is given by subtracting answer (a) from the area of 
the semi-circular region: 

( ) 238.1904.12
2
1 2

=−




≈ πArea  

 
 
Volumes of solids of revolution of a region about the x-
axis, and the y-axis 
 
Example 1    The region bounded by the curve xy sin= , 
the x-axis, x = 0 and π=x  is rotated about the x-axis. 
Calculate the volume of the solid of revolution. 
 

            
                                                  Volume of disc xy ∆= 2π  
                                              y 
                                  ∆x 
Volume of the solid of revolution ∑ ∆=

→∆
xy

x
2

0
lim π  

( )∫∫∫ −===
πππ πππ
00

2

0

2 2cos1
2

sin dxxxdxdxy

2
2sin

2
1

2

2

0

ππ
π

=













 −= xx . 

 

Example 2    Find the exact volume of the solid generated by 
rotating about the x-axis the region bounded by the curve 

1+= xy , the line 1−= xy , the x-axis, and the y-axis. 
 
Coordinates of the intersection: 11 +=− xx , 

( ) 11 2 +=− xx , 032 =− xx , ( ) 03 =−xx , only 3=x  
satisfies the equation, 2=y . 
 

 
 
Volume of the solid = volume generated by 1+= xy  
minus volume generated by 1−= xy  

( )∫ −+=
3

0

2
1 dxxπ volume of cone 

( ) ( ) ( )22
3
11 23

0
ππ −+= ∫ dxx  

( )
6

29
3

8
2

8
3

81
2

3

0

2 ππππππ
=−−=−



 += x . 

 
 

Example 3    The region bounded by 322 −−= xxy , the 
x-axis, x = 0 and x = 3 is rotated about the y-axis. Calculate 
the volume of the solid of revolution. 
 

( ) 4132 22 −−=−−= xxxy . 
The curve cuts the y-axis at 3−=y , and the minimum point 
is found to be ( )4,1 − . 

      ∆y  
 
                                                 x1 

                              ∆y 
                                        x2 

Since ( ) 4132 22 −−=−−= xxxy , 

 141 ++=∴ yx  or 142 ++−= yx  
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∴Volume ( ) ( )∫∫
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+++= yyyyyy ππ  

( ) ( )
2

4512
6
7112

3
32 πππππ =−+



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−−−−


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
= . 

 
 
Example 4    A hole of radius 1.0 cm is drilled through the 
centre of a sphere of radius 4.0 cm. Find the volume 
removed. 
 
The volume removed consists of the volumes of the cylinder 
(radius 1.0 cm, length 152 cm) and two end caps. 
 

 

Volume of each end cap ( )∫∫ −==
4

15

24

15

2 16 dxxdxy ππ  

2006.01511
3

128
3
116

4

15

3 =





 −=














 −= ππ xx  

 
∴Total volume removed 

( ) ( ) 7359.242006.021520.1 2 =×+=π cm3. 
 
 
Differential equations 
 
An equation involving derivatives is a differential equation. 

( )xf
dx
dy

= , ( )xf
dx

yd
=2

2

, ( )yf
dx
dy

=  etc. are examples of 

differential equations. 
 
To solve a differential equation is to find the relationship 
between the two variables x and y. Usually y is expressed in 
terms of x.  
 
Direction (slope) field of a differential equation 
 
Given a differential equation, a ‘map’ showing the slope of 
the relation or function can be drawn up. At each point 
( )yx,  in the coordinate plane, a short line segment with a 

slope given by ( ),xf
dx
dy

= ( )yf  or ( )yxf ,  is marked for 

that point. The resulting ‘map’ is called a direction (slope) 
field of the differential equation. 
 

Example 1   Draw a direction field of x
dx
dy

= for 33 ≤≤− x  

and 33 ≤≤− y . 

 
 

Example 2    Draw a direction field of 
xdx

dy 1
=  for 60 ≤< x  

and 33 ≤≤− y . 

 

 
 

Example 3    Draw a slope field of 
2
y

dx
dy

=  for  

53 ≤≤− x  and 33 ≤≤− y . 

 

 
 
Example 4    Sketch two particular solution curves over the 
following direction field. One satisfies the initial condition 
( ) ,32 =P  the other satisfies ( ) .44 =P  
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A slope field enables one to find the general solution to a 
differential equation. If initial conditions are known, a 
particular solution can be determined. 
   
The slope field in example 2 indicates that Cxy e += log  is 

the general solution to 
xdx

dy 1
= . Three particular solution 

curves shown below correspond to three different initial 
conditions represented by the three points ( )5.2,5.4 , ( )0,1  
and  ( )0,5.4 .  
The top curve passes through ( )5.2,5.4 , ∴  it is 

1log += xy e .  
The middle curve passes through ( )0,1 , it is xy elog= .  
The bottom curve passes through ( )0,5.4 , it is 

5.1log −= xy e . 
 

 
 
 

Techniques in solving differential equations 
 

(1)    Type    ( )xf
dx
dy

=  

Example 1    Solve xe
dx
dy 2−= , given  y = 0  when  x = 0. 

xe
dx
dy 2−= , ∫ +−=−= Cedxey xx 22

2
1 . 

y = 0  when  x = 0, Ce +−=∴ 0

2
10 , 

2
1

=∴C . 

2
1

2
1 2 +−=∴ xey . 

 

Note: Cey x +−= 2

2
1  is called the general solution, and 

2
1

2
1 2 +−= xey  is a particular solution of the differential 

equation. 
 
 

Example 2    Solve 12 =
dx
dyx , given  y = 1  when  x = e. 

12 =
dx
dyx , 

xdx
dy

2
1

= , Cxdx
x

y e +== ∫ log
2
1

2
1 . 

y = 1  when  x = e , Cee +=∴ log
2
11 , 

2
1

=∴C . 

2
1log

2
1

+=∴ xy e . 

 

Example 3    Verify that 211 xy ++=  is a solution to the 

equation 01 2 =−+ x
dx
dyx . 

211 xy ++= , apply the chain rule, 
21 x

x
dx
dy

+
= . 

Substitute, RHSx
x

xxLHS ==−










+
+= 0

1
1

2

2 .  

211 xy ++=∴  is a solution because it satisfies the 
differential equation. 
 
Example 4    Verify that ( )32log 2 −+= xxy e   is a solution 

to the equation 1
1

2
2

1
=








+
−

+
dx
dy

x
x . 

( )32log 2 −+= xxy e , apply the chain rule, 
( )

32
12

32
22

22 −+
+

=
−+

+
=

xx
x

xx
x

dx
dy . 

Substitute, ( )
32

12
1

2
2

1
2 −+

+








+
−

+
=

xx
x

x
xLHS  

( )
( )

( ) RHS
xx

x
x

x
==

−+
+












+
−+

= 1
32

12
12

41
2

2

. 

( )32log 2 −+= xxy e  satisfies the differential equation, ∴ it 
is a solution. 
 

(2)    Type    ( )xf
dx

yd
=2

2

 

 
Example 1    Find the general solution to the equation           

xdx
yd

−
=

1
1

2

2

 .  

xdx
yd

−
=

1
1

2

2

,  

( )∫ ∫ −−=
−

= dxxdx
xdx

dy
2
1

1
1
1 ( ) Cx +−−= 2

1
12 , 

( ) ( ) DCxxdxCxy ++−=





 +−−= ∫ 2

3
2
1

1
3
412  

 
Example 2    Find the particular solution to the differential 

equation  ,2cos2

2

t
dt

xd
−=  given 0=

dt
dx  and  x = −1 when    

t = 0. 

,2cos2

2

t
dt

xd
−=  

∫ +−=−= ,2sin
2
12cos Cttdt

dt
dx  

0=
dt
dx  when  t = 0, 0=∴C and ,2sin

2
1 t

dt
dx

−=  

∫ +=−= ,2cos
4
12sin

2
1 Dttdtx  

 x = −1 when  t = 0, ,
4
11 D+=−∴

4
5

−=∴D . 

Hence .
4
52cos

4
1

−= tx  

 



 

 Copyright itute.com 2006   Free download & print from www.itute.com   Do not reproduce by other means                        Further Calculus Part II 
 

 

5

Example 3    Verify that xey 23 −=  is a solution to the 

differential equation 0232

2

=++ y
dx
dy

dx
yd . 

,3 2xey −=  ,6 2xe
dx
dy −−= xe

dx
yd 2
2

2

12 −= . 

Substitute, ( ) ( ) RHSeeeLHS xxx ==+−+= −−− 0326312 222 , 

xey 23 −=∴  is a solution of 0232

2

=++ y
dx
dy

dx
yd . 

 
 

(3)    Type    ( )yf
dx
dy

=  

 

It can be shown that 
dx
dy

dy
dx 1= . 

Therefore, the differential equation ( )yf
dx
dy

=  can be 

changed to ( )yfdy
dx 1

= . 

 
 

Example 1    Solve y
dx
dy 2−=  for y in terms of  x. 

y
dx
dy 2−= , ,

2
1
ydy

dx
−=∴  ∫−=∴ ,

2
1 dy
y

x  

.log
2
1 cyx e +−=∴  

 
Express y in terms of x:  

( ) ,2222 xxccx Aeeeey −−−− ===  where 02 >= ceA . 

Hence xAey 2−±=  for Rx∈ . 
 

Verification: ,2xAey −=  yAe
dx
dy x 22 2 −=−= − . 

,2xAey −−= .22 2 yAe
dx
dy x −== −  

 
 
Example 2    Given y = 0 when x = 0, find the particular 

solution of 
ydx

dy
−

=
1

1 . 

ydx
dy

−
=

1
1 , 

,1 y
dy
dx

−=∴ ( ) ( ) Cydyyx +−−=−=∴ ∫ 21
2
11 . 

y = 0 when x = 0, 
2
1

=∴C  and ( )
2
11

2
1 2 +−−=∴ yx . 

Express y in terms of x:  
( ) 112 2 +−−= yx , ( ) xy 211 2 −=− , xy 211 −±=− , 

xy 211 −±= . 

Note: xy 211 −−=  is the only solution that satisfies the 
condition y = 0 when x = 0. 
 
 

Example 3    Find the general solution to the differential 

equation  ( )4
4
1 2 −= y

dx
dy . 

( )4
4
1 2 −= y

dx
dy , 

( )( ) 2
1

2
1

22
4

4
4

2 +
−

−
=

+−
=

−
=

yyyyydy
dx , 

∫ 







+

−
−

= dy
yy

x
2

1
2

1 cyy ee ++−−= 2log2log  

c
y
yc

y
y

x ee +
+
−

=+
+

−
=∴

2
2log

2
2

log . 

Hence xcxcx Aeeee
y
y

===
+
− −−

2
2 , where 0>= −ceA . 

xAe
y
y

±=
+
−

∴
2
2 , ( )22 +±=− yAey x , 

xx AeyAey 22 ±±=− , ,22 xx AeyAey ±=∴ m  

( ) ( )xx AeyAe ±= 121m , ( )
x

x

Ae
Aey

m1
12 ±

=∴ . 

 
Example 4    Find x when y = 1, given y = 0 when x = 0 and 

( )( )21
1

−−
=

yydx
dy . 

( )( )21
1

−−
=

yydx
dy , ( )( ) ,2321 2 +−=−−=∴ yyyy

dy
dx  

( ) .2
2
3

3
123 232 Cyyydyyyx ++−=+−= ∫  

y = 0 when x = 0, 0=∴C . 

When y = 1, .
6
52

2
3

3
1

=+−=x  

 
Example 5    Find the general solution to the differential 

equation 29 y
dx
dy

−= . 

 
29 y

dx
dy

−= , ,
9

1
2ydy

dx

−
=  ∫ −

= dy
y

x
29

1 , 

.
3

1 cySinx +





=∴ −  Hence ( )cxy −= sin3 . 

 
Example 6    Find the particular solution to the differential 

equation 221 y
dx
dy

−−= , which satisfies the initial 

condition when x = 0, y = 0. 
 

221 y
dx
dy

−−= , 
( )

,
21

1
2

ydy
dx

−
−=  

( )∫
−

−= .
21

1
2

dy
y

x  ( ) .2
2

1 1 CyCosx +=∴ −  

When x = 0, y = 0, ,
22

10 C+





=∴
π  .

22
π

−=∴C  

Hence ( ) ,
22

2
2

1 1 π
−= − yCosx  and  

.
2

2cos
2
2







 +=∴

πxy  
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Example 7    Find the general solution to the differential 

equation y
dx
dy 2cos2= . 

y
dx
dy 2cos2= , ,2sec

2cos
1 2
2 y

ydy
dx

==   

∫ +==∴ ,2tan
2
12sec2 cyydyx  ( ).22tan cxy −=∴   

Hence ( )cxy −= − 2tan
2
1 1 . 

 

Numerical solution of  ( )xf
dx
dy

=  using technology 

(analytic solution not required) 
 

Given ( )xf
dx
dy

=  with cy =  when ax = , the numerical 

solution of ( )xf
dx
dy

=  when bx =  is found by evaluating 

( ) cdxxfy
b

a
+= ∫  using graphics calculator. 

 
 

Example 1    Find the value of y when 5.0=x , given 

( )2sin x
dx
dy

=  where 2=y  when .0=x  

 

( )2sin x
dx
dy

= ,  

when 5.0=x , ( ) 0415.220415.02sin
5.0

0

2 =+=+= ∫ dxxy . 

 

Example 2    Evaluate Q when ,5=t  given 





=

tdt
dQ

e
10log  

and 2=Q  when 1=t . 
 







=

tdt
dQ

e
10log ,  

when 1=t , 163.72163.5210log
5

1
=+=+






= ∫ dt

t
Q e . 

 
Example 3    Find the numerical solution to the differential 

equation 





 −= − 1

2
1 xSin

dx
dy  at 3=x , given 2=y when 

2=x . 
 







 −= − 1

2
1 xSin

dx
dy , 

when ,3=x ∫ =+≈+





 −= −

3

2

1 256.22256.021
2

dxxSiny . 

 

Example 4    Use graphics calculator to solve 21 t
dt
dx

+=  

for x when 1=t , given 5=x  when 2=t . 
 

21 t
dt
dx

+= , 

when ,1=t  5151
2

1

2
1

2

2 ++−=++= ∫∫ dttdttx  

190.35810.1 =+−= . 

Euler’s method 
 
Euler’s method is used to find an approximate numerical 

solution to a first order differential equation, ( )yxF
dx
dy ,= , 

given 0yy =  when  0xx = . 
 

The procedure is to find approximate values of y at equally 
spaced x-coordinates, 0x , hxx += 01 , hxx += 12 , ……, 
where h is the spacing (or step size), using the linear 
approximation  ( )nnnn yxhFyy ,1 +≈+ . 
 

The differential equation gives the slope at ( )nn yx ,  as  

( )nn yxF
dx
dy ,= . 

 
            y 
 
 
   f(x3) 
 
      3y                                                            Approximate 
                                                                                                    value of f(x3) 
 
                                         y = f(x) 
 
 
 
       y0 

        0               0x           1x           2x           3x         x 
 
 
 
At 1x , ( )0001 , yxhFyy +≈         
At 2x , ( )1112 , yxhFyy +≈  
At 3x , ( )2223 , yxhFyy +≈  etc. 
 
Example 1   Use Euler’s method with step size 0.1 to find an 

approximate solution to yx
dx
dy

+=  when x = 0.3,  

given y = 1 when x = 0. 
 

( ) yxyxF
dx
dy

+== , . 

At ,0=x    1=y ,                                     ( ) 11,0 =F . 
At ,1.0=x 1.111.01 =×+≈y ,                ( ) 2.11.1,1.0 =F . 
At ,2.0=x 22.12.11.01.1 =×+≈y ,       ( ) 42.122.1,2.0 =F . 
At ,3.0=x 362.142.11.022.1 =×+≈y . 
 
Example 2    Use Euler’s method with step size 20 to find an 

approximate solution to  
t

Q
dt
dQ

+
−=

1000
92  at t = 60, given  

Q = 400 at  t = 0. (See example 5 page 8) 
 

( )
t

QQtF
dt
dQ

+
−==

1000
92, . 

At ,0=t ,400=Q ( ) 6.1400,0 −=F . 
At ,20=t ,3686.120400 =×−=Q ( ) 247.1368,20 −=F . 
At ,40=t ,1.343247.120368 =×−=Q ( ) 969.01.343,40 −=F . 
At ,60=t .7.323969.0201.343 =×−=Q  
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Setting up differential equations 
 
Example 1    A bacteria culture starts with 1500 bacteria. 
The population grows to 4500 after 2 hours. Assuming the 
culture grows at a rate proportional to its population, set up 
a differential equation for the population growth. Find (a) 
the constant of proportionality and (b) the population after 5 
hours. 

(a) Let 0>N  be the population at time t hours, and 
dt
dN  be 

the rate of growth. Assume ,N
dt
dN

∝  kN
dt
dN

=∴ , where k 

is the constant of proportionality. (Note: k is a positive value 
for growth; it is a negative value for decline or decay). 
 

,kN
dt
dN

=  ,1
kNdN

dt
=∴  ∫∫ ==∴ dN

Nk
dN

kN
t 111 , 

.loglog1 CNCNdN
N

kt ee +=+==∴ ∫  

 
When ,0=t  1500=N , 1500logeC −=∴ . 

Hence ,1500loglog ee Nkt −= or 





=
1500

log Nkt e . 

When ,2=t  4500=N , 3log3log
2
1

eek ==∴ . 

( ) .
1500

log3log 





=∴

Nt ee  Hence ( )3log1500 eteN = . 

 

(b) When 5=t , ( ) ( ) 23400315001500
53log5 ≈== eeN . 

 
 
Example 2    In radioactive decay, the rate of decay is 
proportional to the amount of sample remaining. The half 
life of radium-226 is 1600 years approximately, i.e. half of 
the sample remains after about 1600 years. The initial mass 
of a sample of radium-226 is 200 mg. 
  
(a) Set up a differential equation for the amount remaining. 
(b) Find a formula for the amount remaining in terms of t 
years. 
(c) Find the mass after 2000 years.  
(d) When will the mass of radium-226 in the sample be 20 
mg? 
 
(a) Let Q mg be the remaining mass of radium-226 after t 

years, and 
dt
dQ  be the rate of decay. Given Q

dt
dQ

∝ , 

kQ
dt
dQ

=∴ , where k is the proportionality constant. 

 

(b) ,kQ
dt
dQ

=  ,1
kQdQ

dt
=∴  ∫∫ ==∴ dQ

Qk
dQ

kQ
t 111 , 

.loglog1 CQCQdQ
Q

kt ee +=+==∴ ∫  

 
When ,0=t  200=Q , 200logeC −=∴ . 

Hence ,200loglog ee Qkt −= or 





=

200
log Qkt e . 

 

When ,1600=t  100=Q , 0004332.0
2
1log

1600
1

−≈=∴ ek . 

.
200

log0004332.0 





=−∴

Qt e  Hence teQ 0004332.0200 −= . 

 
(c) When ,2000=t  09.84200 20000004332.0 == ×−eQ . 
 

(d) Since  





=−

200
log0004332.0 Qt e , 







−=∴

200
log

0004332.0
1 Qt e . 

When 20=Q mg, 5300
200
20log

0004332.0
1

≈





−= et yrs. 

 
 
Example 3    The rate of cooling of an object is proportional 
to the difference in temperature between the object and its 
surroundings. This is known as Newton’s law of cooling. Let 
the room temperature be maintained at 20oC and the object 
cools from 50 to 30 degrees in 15 minutes.  
(a) Set up a differential equation for the temperature of the 
object.  
(b) What was the temperature of the object 10 minutes after 
it was 50oC?  
(c) When was it at 25oC? 
 
 
(a) Let T  > 20oC be the temperature of the object at time t 

minutes, and 
dt
dT be the rate of change in temperature. The 

difference in temperature between the object and its 
surroundings is 20−T . 

Given ( ),20−∝ T
dt
dT ( )20−=∴ Tk

dt
dT . 

 

(b) ( ),20−= Tk
dt
dT

( )20
1
−

=∴
TkdT

dt . 

( ) ∫∫ −
=

−
=∴ dT

Tk
dT

Tk
t

20
11

20
1 , 

( ) .20log20log
20

1 CTCTdT
T

kt ee +−=+−=
−

=∴ ∫  

Let 0=t  when 50=T , 30logeC −=∴ . 

Hence ( ) 





 −

=−−=
30

20log30log20log TTkt eee . 

At ,15=t 30=T , 

,3log
3
1log15 eek −=





=∴ .07324.03log

15
1

−=−=∴ ek  







 −

=−∴
30

20log07324.0 Tt e  or 2030 07324.0 += − teT . 

At ,10=t 4.342030 7324.0 =+= −eT oC. 
 

(c) When ,25=T  





 −

=−
30

2025log07324.0 et , 

5.24=t minutes. 
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Example 4    A tank contains 2000 L of brine with a 
concentration of 0.2 kg of salt per litre. Pure water is run 
into the tank at a rate of 20 L per minute. The mixture is 
stirred continuously and allowed to run out at the same rate.   
(a)  Set up a differential equation for the amount of salt in 
the tank.   
(b)  How much salt will remain after half an hour?   
(c)  At what time will the concentration be 0.1 kg of salt per 
litre? 
 
 
(a) Let Q kg be the amount of salt in the tank at time t 

minutes, and 
dt
dQ  be the rate of change in the amount of salt 

in the tank. 
 

=
dt
dQ rate of inflow of salt − rate of outflow of salt. 

 

Rate of inflow of salt  
= concentration of solution (kg per L) × rate of inflow of 
solution (L per min.) 
= 0200 =×  kg per minute 
 
The volume of solution in the 
tank remains constant at 2000 L 
because the volume of inflow  
equals the volume of outflow. 
At time t the amount of salt in  
the tank is Q kg,  

∴  concentration 
2000

Q
= kg per L 

 
Rate of outflow of salt  
= concentration of solution (kg per L) × rate of outflow of 
solution (L per min.) 

= 
100

20
2000

QQ
=× kg per minute. 

,
100

0 Q
dt
dQ

−=∴  i.e. .
100
Q

dt
dQ

−=  

 

(b) ,100
QdQ

dt
−=∴  ∫∫ −=

−
=∴ dQ

Q
dQ

Q
t 1100100 , 

.loglog101.0 CQCQdQ
Q

t ee +=+==−∴ ∫  

At ,0=t =Q concentration× volume 40020002.0 =×= kg, 
400logeC −=∴ . Hence 400loglog01.0 ee Qt −=− , 

,
400

log01.0 





=−

Qt e  teQ 01.0400 −=∴ . 

At ,30=t  296400 3001.0 == ×−eQ kg. 
 
(c) When the concentration is 0.1 kg per L, 

20020001.0 =×=Q kg, ,
400
200log01.0 






=−∴ et   

3.69=t minutes. 
 
 
 
 
 
 
 

Example 5    Repeat example 4, this time brine with a 
concentration of 0.1 kg of salt per litre is run into the tank 
(instead of pure water) at a rate of 20 L per minute, and the 
mixture runs out at 18 L per minute.  
Set up a differential equation for the amount of salt in the 
tank. 
 
Let Q kg be the amount of salt in the tank at time t minutes, 

and 
dt
dQ  be the rate of change in the amount of salt in the 

tank. 
 

=
dt
dQ rate of inflow of salt − rate of outflow of salt. 

 
Rate of inflow of salt  
= concentration of solution (kg per L) × rate of inflow of 
solution (L per min.) 
= 2201.0 =×  kg per minute 
 
Since 20 L per min. of solution runs in and only 18 L per 
min. of the mixture runs out, the volume of solution in the 
tank increases by 2 L per min. After t minutes, the volume 
increases by 2t L. ∴total volume t22000 += L. Hence at 

time t, the concentration
t

Q
22000 +

= kg per L. 

 
Rate of outflow of salt  
= concentration of solution (kg per L) × rate of outflow of 
solution (L per min.) 

= 
t

Q
t

Q
−

=×
− 1000

918
22000

kg per minute 

.
1000

92
t

Q
dt
dQ

−
−=∴  

 
 
 
Setting up differential equation involving related rates 
 
Example 1    A spherical snowball is melting at a rate of  
r cm3 min-1. (a) Set up a differential equation for its radius  
r cm. (b) What is its radius after π182  minutes if initially its 
radius is 10 cm? 
 
(a) Let V cm3 be the volume of the spherical snowball of 

radius r cm at time t minutes, and 
dt
dV  be the rate of change 

of the volume.  

The relationship between V and r is 3

3
4 rV π= . 

.
3
4 3

dt
drr

dr
d

dt
dr

dr
dV

dt
dV







=×=∴ π  Hence 

dt
drrr 24π=−  

and .
4
1

rdt
dr

π
−=∴  

 

(b) ,4 r
dr
dt π−=∴ ∫ +−=−= Crrdrt 224 ππ . 

Given 10=r  when ,0=t  .200π=∴C  
Hence ππ 2002 2 +−= rt . 
When ,180π=t ππ 202 2 =r , 10=∴r . 
 



 

 Copyright itute.com 2006   Free download & print from www.itute.com   Do not reproduce by other means                        Further Calculus Part II 
 

 

9

Example 2    Water is leaking out of an inverted conical tank 
at a rate of 0.01 m3 min-1 while water is being pumped into 
the tank at a constant rate of ρ m3 min-1. The tank has a 
height of 6 m, and the radius at the top is 2 m. Initially the 
water level is 1 m, and it is 4 m after an hour. At what time 
the level is 5 m? 
                                             ρ m3 min-1 

 
                                                             2 m 
 
 
 
                                                        r m 
 
 
                                                                     h m        6 m 
 
 
 
                                                        0.01 m3 min-1 
 
Let V m3 be the volume of water in the tank at time t min, h 
m the depth and r m the radius of the water surface.  
 
Rate of change in volume = inflow rate − outflow rate, 

i.e. 01.0−= ρ
dt
dV  

The relationship between h and r is given by ,
6
2

=
h
r  

3
hr =∴ . Hence the relationship between V and h is  

3
2

2

2733
1

3
1 hhhhrV πππ =






== . 

.
9

2

dt
dhh

dt
dh

dh
dV

dt
dV π

=×=∴  ( ).01.09
2hdt

dh
π
ρ −

=∴  

 

( ) ,01.09

2

−
=

ρ
πh

dh
dt  ( ) ( )∫ +

−
=

−
= Chdhht

01.02701.09

32

ρ
π

ρ
π . 

At ,0=t ,1=h  ( )01.027 −
−=∴

ρ
πC , ( )

( )01.027
13

−
−

=∴
ρ

π ht . 

At ,60=t 4=h , ( ) ,01.027
6360
−

=
ρ

π  1322.0=∴ρ . 

When 5=h , ( )
( ) 118

01.01322.027
153

=
−
−

=
πt minutes. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


