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Kinematics and Mechanics 
 

Rectilinear motion 
 

Kinematics is the study of motion. Rectilinear motion means 
motion in a straight line (or one-dimensional motion). In 
rectilinear motion there are only two directions. If one direction 
is labelled as positive, the opposite direction is negative. 
 

Position 
 

Use the number line to describe position x. Position is a vector 
(starting from the origin O) and a positive (usually pointing to 
the right or up) or negative (to the left or down) sign is used to 
indicate its direction. 
 

Displacement 
 

When an object moves, the change in position is called its 
displacement. Displacement is defined as if xxxs −=∆= . 
 

Distance travelled 
 

Distance travelled, l, is the actual length of the path followed by 
the object. 
 

Average velocity 

Average velocity is defined as 
timetaken

ntdisplaceme , i.e.
t
xvav ∆

∆
= . 

It is a vector quantity. 
 

Average speed 

Average speed is defined as 
timetaken

dcetravelledis tan , i.e.
t

lvav ∆
= . 

It is a scalar quantity. 
 

Instantaneous velocity (i.e. velocity) 
 

If position is given as a function of time, )(tx , then velocity is 

defined as  
dt
dxv = . 

The direction of velocity is the direction of motion. 

Speed is given by the magnitude of velocity, i.e.
dt
dxv = . 

Note that average speed is not equal to the magnitude of average 
velocity in general. 
 

Acceleration 

Acceleration is defined as  2

2

dt
xd

dt
dva == . It is a vector quantity, 

and its direction shows the direction that the resultant (net) force 
acts. 
 
Note that the direction of motion does not correspond to the 
direction of acceleration in general. 
 

 
 
 
 
Example 1    A particle moves in a straight line such that its 

position at time t is 









−=

−
212
t

ex , 0≥t . 

(a) Find the particle’s velocity at 1=t . 
(b) Find the particle’s velocity at 1=x . 
 

(a) 









−=

−
212
t

ex , .2
t

e
dt
dxv

−
==  At ,1=t .2

1
−

= ev  

(b) At 1=x , ,121 2










−=

−
t

e ,
2
12 =∴

−
t

e .
2
1

=∴v  

 
Example 2    The position of an object is given by 2ttx −= , 

0≥t . 
 

(a) Sketch the graph of x vs t and describe the motion in terms 
of displacement. 

(b) Find the total distance travelled from t = 0 to t = 2. 
(c) Calculate the average velocity and the average speed from  

t = 0  to  t = 2. 
(d) Calculate the velocity and the speed at t = 0.2. 
(e) Calculate the acceleration. 
 
(a) 

 
 
The object starts from the origin and moves forwards. At 5.0=t , 
its position is 0.25 and it starts to move backwards. It keeps on 
moving backwards, passing through the starting point (the 
origin) at 1=t . 
 
(b) At 2=t , 2−=x , ∴total distance 5.225.225.0 =+=  where 
0.25 is the forward distance and 2.25 is the backward distance. 
 

(c) Average velocity 1
2

02
−=

−−
=

∆
∆

=
t
xvav . 

Average speed 25.1
2
5.2
==

∆
=

t
lvav  

(d) Velocity 34121 −=−=−== t
dt
dxv . Speed 3==

dt
dxv . 

(e) Acceleration 2−==
dt
dva . 
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Example 3    The position x of a particle at time t is given by 
tx 2sin3= , .0≥t  

 

(a) Find the position and the speed of the particle at 0=t . 
(b) Find the maximum displacement of the particle. 
(c) Find the maximum speed of the particle. 
(d) Show that the acceleration is opposite in direction and 

proportional to the displacement. 
(e) After what time will the particle repeat its motion? 
(f) When is the first time that the particle is at the position  
         x = 1.5 moving towards the starting point? 
 
 

(a) Position tx 2sin3= , speed t
dt
dxv 2cos6== . 

At ,0=t position ,0=x speed .6=v  
 
(b) Displacement ttxxxs if 2sin302sin3 =−=−=∆= . 
Since ,12sin1 ≤≤− t  max .3=s  
 
(c) Speed tv 2cos6= . Since ,12cos1 ≤≤− t max .6=v  
 

(d) Velocity ,2cos6 t
dt
dxv ==  

acceleration .2sin12 t
dt
dva −==   

At time t, ,2sin3 ts = .4sa −=∴   
 
Hence a is opposite (negative sign) to s and it is proportional to 
s. 
 
(e) The type of motion that a is opposite to s and proportional to 
s is called simple harmonic motion. The motion is repeated after 

a fixed time called the period .
2

22 πππ
===

n
T  

 
(f) tx 2sin3= , ,5.12sin3 =t ,5.02sin =t  

,......
6

17,
6

13,
6

5,
6

2 ππππ
=t  or ,......

12
17,

12
13,

12
5,

12
ππππ

=t  

At ,
12
π

=t  velocity ,33
12

2cos6 +=





=
πv the particle moves 

away from the starting point. 

At ,
12
5π

=t  velocity ,33
12
52cos6 −=






=
πv the particle moves 

towards the starting point. 
 
Hence the first time the particle is at position 5.1=x  moving 

towards the starting point is .
12
5π

=t  

 
 
 
 
 
 
 
 

Example 4    Given the position of a particle ttex −= 2 for 
5.10 ≤≤ t , 

 

(a) find the position and the velocity at 0=t , and 
(b) find the maximum and minimum velocity and the time that 

each occurs. 
(c) Find the minimum speed and the time that it occurs. 
(d) Sketch the position-time graph for 5.10 ≤≤ t . 
 

(a) ttex −= 2 , ( ).1222 teete
dt
dxv ttt −=+−== −−−  

At 0=t , ,0=x .2=v  

(b) Local max/min velocity occurs when .0==
dt
dva  

( ) ( ) ,022212 =−=−−−=∴ −−− teetea ttt  i.e. 2=t , which is 

outside the domain 5.10 ≤≤ t  that ttex −= 2 is defined. 
Within 5.10 ≤≤ t , velocity ( )tev t −= − 12  is a decreasing function 
(see the following graph of velocity ( )tv ). Hence max. velocity 

2max =v occurs at ,0=t and min. velocity 5.1
min

−−= ev  occurs 
at 5.1=t . 
 

 
 
Note: Students are advised to analyse the velocity-time graph of 
motion before using calculus to find local maxima and minima. 
 
(c) Speed is the magnitude of velocity. From the graph above, 
the particle comes to a stop momentarily at 1=t . Hence the 
minimum speed is 0. 
 
(d) At ,5.1=t ( ) .35.12 5.15.1 −− == eex Position x is maximum 

when velocity ( ) ,012 =−= − tev t  i.e. .1=t   

.2)1(2 11
max

−− ==∴ eex  
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Anti-differentiation of acceleration and velocity 
 
If acceleration is a known function of time, )(ta , then  velocity 

∫= adttv )(  and position ∫= vdttx )( . 

 
Change in velocity in the time interval from 1t  to 2t  is given by 

.
2

1
∫=∆

t

t
adtv  

Displacement in the time interval from 1t  to 2t  is given by 

.
2

1
∫=

t

t
vdts  

 
 
Example 1    An object is projected vertically upwards from a 
height of 8 m above the ground with a speed of 12 ms-1. Take the 
acceleration due to gravity as 10 ms-2 downward and 0=t at the 
time of projection. 
 
(a) Determine a formula for finding the velocity at time .0≥t  
(b) Determine a formula for finding the position at time t. 
(c) Determine a formula for finding the displacement at time t. 
(d) Find the time when the object comes to a stop momentarily. 
(e) Find the maximum height of object above the ground. 
(f) Find the time when the object hits the ground. 
 
 
Choose upward direction as positive, ground level as the origin. 
(a) Velocity ∫∫ +−=−== .1010)( 1Ctdtadttv  

At ,0=t velocity 12+=v , 121 =∴C .  
.1210)( +−=∴ ttv  

 
(b) Position .1251210)( 2

2 Cttdttvdttx ++−=+−== ∫∫  

At ,0=t position ,8+=x .82 =∴C  

.8125 2 ++−=∴ ttx  
 
(c) Displacement in the time interval from 0 to t: 

( ) [ ] ttttdttvdts
ttt

t
1251251210 2

0
2

0

2

1

+−=+−=+−== ∫∫ . 

 
(d) When the object comes to a stop, ,01210)( =+−= ttv  

2.1=t s. 
 
(e) At 2.1=t , the object is at its highest point 

( ) ( ) 2.1582.1122.158125 22 =++−=++−= ttx  
Maximum height = 15.2 m 
 
(f) When the object hits the ground, ,08125 2 =++−= ttx  

9.2≈t s. 
 
 
 
 
 
 

Example 2    A particle’s variable acceleration is given by 
,1 tea −−= .0≥t The particle is initially at rest. 

 

(a)    Find the average acceleration of the particle in the time 
interval from 1=t  to  .2=t  
(b)    Find the average velocity of the particle in the time interval 
from 1=t  to  .2=t  
 

(a) ( ) [ ]21
2

1
1

2

1

tt
t

t
etdteadtv −− +=−==∆ ∫∫  

1212 112 −−−− −+=−−+= eeee . 

Average acceleration .1
12

1 12
12

−−
−−

−+=
−
−+

=
∆
∆

= eeee
t
vaav  

 

(b) ( ) .1)( Cetdteadttv tt ++=−== −−∫∫  At 

,0=t ,0=v ,1−=∴C .1−+=∴ −tetv  

( )
2

1

22

1 2
1

2

1








−−=−+== −−∫∫ tetdtetvdts tt

t

t
 

( ) .
2
11

2
122 1212 −−−− +−=






 −−−−−= eeee  

Average velocity .
2
1

12
12

12
2
1

−−
−−

+−=
−
+−

=
∆

= ee
ee

t
svav  

 
 
Motion under constant acceleration 
 

Consider an object moving with constant acceleration a. Its 
initial velocity is u and its initial position is xi. Let v be its 
velocity at time t, and s be its displacement from the initial 
position at time t. 
 

.1Catadtv +== ∫  

At ,0=t ,uv = ,1 uC =∴ atuv +=∴ ……… (1) 

( ) .
2
1

2
2 Catutdtatuvdtx ++=+== ∫∫  

At ,0=t ,ixx = ,2 ixC =∴ .
2
1 2

ixatutx ++=∴  

Since ,ixxs −=  2

2
1 atuts +=∴ ……… (2) 

From (1), ,atvu −=  substitute in (2) to obtain  
2

2
1 atvts −= ……… (3) 

(2) + (3), ( )tvus +=
2
1 ……… (4) 

From (1), ,
a

uvt −
=  substitute in (4), transpose to obtain 

asuv 222 += ……… (5) 
 

These five equations are used instead of calculus to analyse 
rectilinear motion with constant acceleration. Each equation 
involves 4 out of the 5 quantities, s, t, u, v and a.  
s is the displacement at time t from the initial position (not 
necessarily the origin). v is the velocity at time t (sometimes 
called the final velocity).  
Since s, u, v and a are vector quantities, directions (+, ─) are 
required to specify them completely in the equations. 
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Example 1    A particle changes its velocity from 5 ms-1 to 
10 ms-1 after travelling 100 m with constant acceleration.  
(a)    Find the acceleration of the particle. 
(b)    Find the time taken. 
 
Forward direction is taken as positive. 

,5+=u ,10+=v ,100+=s ?=a    Use asuv 222 += . 

375.0
200

25100
2

22

+=
−

=
−

=
s
uva ms-2. 

 

,5+=u ,10+=v ,100+=s ?=t    Use ( )tvus +=
2
1 . 

3.13
15
2002

==
+

=
vu

st s. 

 
Example 2    A particle moves with constant acceleration. Its 
velocity reduces from 10 ms-1 to 5 ms-1 in 2 s. 
(a) Find the distance it travels before coming to rest 

momentarily. 
(b) How long does it take to return to its initial position. 
(c) Find the time(s) when it is 2 m from the initial position. 
 
Forward direction is taken as positive. 
(a) ,10+=u ,5+=v ,2=t ?=a     Use atuv += . 

5.2
2
5

−=
−

=
−

=
t

uva s. 

,10+=u ,0=v ,5.2−=a ?=s    Use asuv 222 += . 

20
5
1000

2

22

+=
−
−

=
−

=
a
uvs m. Distance = 20 m. 

(b) ,10+=u ,5.2−=a ,0=s ?=t    Use 2

2
1 atuts += . 

,25.1100 2tt −= ( ) ,01025.1 =− tt  8=∴ t s. 
Time required = 8 s. 

(c) ,10+=u ,5.2−=a ,2±=s ?=t    Use 2

2
1 atuts += . 

,25.1102 2tt −=+ ,021025.1 2 =+− tt 8.7≈t s. 
,25.1102 2tt −=− ,021025.1 2 =−− tt 2.8≈t s. 

 
Example 3    An object is projected vertically upwards from a 
bridge. It reaches the water below after 2 seconds at a speed 
double the speed of projection.  
(a)    Find the speed of projection.  
(b)   The height of the bridge above the water. 
 
Let V ms-1 be the speed of projection, and h m the height of the 
bridge above the water. 
Take upward direction as positive. 
(a) ,Vu += ,2Vv −= ,10−=a .2=t    Use .atuv +=  

,202 −+=− VV
3

20
=V ms-1. 

(b) ,Vu += ,2Vv −= ,10−=a .hs −=    Use .222 asuv +=  
( ) ( ) ( )( ),1022 22 hVV −−++=− ,204 22 hVV += ,320 2Vh =  

3
20

3
20

20
3 2

=





=h metres. 

 

Two other derivative forms for acceleration 
 

Acceleration a can also be expressed in terms of position x and 

velocity v, 
dx
dvva =  or  .

2
1

2
1 22 v

dx
dv

dx
da =






=  

 

These different derivative forms for acceleration can be obtained 
by means of the chain rule. 
 

              
dx
dvv

dt
dx

dx
dv

dt
dva =×== , 

              





=×









== 2

2

2
12

1

v
dx
d

dx
dv

dv

vd

dx
dvva . 

 

Example 1    The motion of a particle is described by  
22 34 xxv −=  where v ms-1 is the velocity when the particle is at 

position x m.  
(a)    Find the acceleration at position x.  
(b)    Find its maximum speed. 
 

(a) ( ) .3264
2
1

2
1 2 xxv

dx
da −=−==  

(b) Speed is maximum when ,0=a ,032 =− x .
3
2

=x  

3
32

3
23

3
24

2

max =





−






=∴v ms-1. 

Example 2    The motion of a particle is described by 2
2
−=

xv . 

Find the acceleration in terms of its position x. 
 

.1
42

12
2

2
2

2
2

−=





 −=






 −






 −==

xxx
dx
dx

dx
dvva  

 
Example 3    The acceleration of a particle is related to its 
velocity according to 12 −= va . If 2−=v  when x = 0, find v in 
terms of its position  x. 
 

Both derivative forms can be used in this example. 

(1) ,12 −= va ( ) ,1
2
1 2

2

−= v
dx
vd ( ) ( ),12 2

2

−= v
dx
vd  

( ) ,
1

1
2
1

22 −
=

vvd
dx

( ) ( ),
1

1
2
1 2

2∫ −
= vd

v
x .1log2 2 Cvx e +−=∴  

(2) ,12 −= va ,12 −= v
dx
dvv ,12

v
v

dx
dv −

= .
12 −

=
v

v
dv
dx  

Hence ∫ −
= .

12 dv
v

vx  Substitute u for ,12 −v ,1
2
1 du

u
x ∫=  

,1log2 2 Cvx e +−=∴  the same result as in (1). 

When x = 0, 2−=v , .3log eC −=∴  

.
3

1
log3log1log2

2
2

−
=−−=∴

v
vx eee  Hence 

,31 22 xev =− .31 22 xev ±=−∴  Only xev 22 31 =−  satisfies the 

boundary condition that when  x = 0, 2−=v . 

,13 22 +=∴ xev .13 2 +±= xev  Only 13 2 +−= xev  satisfies 
the boundary condition that when  x = 0, 2−=v . 
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Example 4    The acceleration of a particle is given by x−1 , 
where x is its position at time t. At t = 0, x = 1 and v = 1. 
(a) Find its velocity v in terms of x. 
(b) Find its position x as a function of t. 
(c) Find its velocity and acceleration in terms of t. 
 

(a) ,1 xa −= ,1
2
1 2 xv

dx
d

−=





  

( ) .
2
11

2
1 22 Cxxdxxv +−=−= ∫  

At x = 1, v = 1, 0=∴C  and .
2
1

2
1 22 xxv −=  

Hence .2 2xxv −±=  Only 22 xxv −= satisfies the 
boundary condition that at x = 1, v = 1. 
 

(b) ,2 2xxv −= ,2 2xx
dt
dx

−= ,
2

1
2xxdx

dt

−
= completing 

the square for ,2 2xx −
( )

,
11

1
2−−

=
xdx

dt  

( )∫
−−

= ,
11

1
2

dx
x

t  ( ) .11 DxSint +−=∴ −  At t = 0, x = 1, 

0=∴D  and ( ).11 −= − xSint  Hence .1sin += tx  

(c) ,1sin += tx ,cos t
dt
dxv == .sin t

dt
dva −==  

Check: ta sin−=  and ,1sin += tx xa −=∴ 1  as given. 
 
 

Velocity-time graphs 
 

Gradient of a velocity-time graph gives acceleration, i.e. 

a
dt
dv

= . 

Area under a velocity-time graph gives displacement, i.e. 

svdt
t

t
=∫

2

1

. 

             v                          Gradient 
 
 
 
                                                        Area 
 
 
 
        0                                   1t                       2t               t 
 
 
 
Example 1   A tram runs on a straight track between two stations 
1.6 km apart. It accelerates from rest from one station at  
0.20 ms-2 until it reaches a speed of 10 ms-1 . It maintains this 
speed for a time and then slows to rest at the other station at 0.30 
ms-2. Find the time of travel between the two stations. 
 
The time for the tram to accelerate from rest to 10 ms-1: 

,0=u ,10+=v ,20.0+=a ?=t   

Use ,atuv +=  50=
−

=∴
a

uvt s. 

The time for the tram to decelerate from 10 ms-1 to a stop: 
,10+=u ,0=v ,30.0−=a ?=t   

Use ,atuv +=  
3

100
=

−
=∴

a
uvt s. 

Let T s be the time of travel between the two stations. Then 

3
250

3
10050 −=−− TT  is the duration that the tram is at 

constant speed 10 ms-1. 
Construct the velocity-time graph for the journey. 
 

           v 
         10 
 
                                      1600 
 
 
           0                                                    T                t 

                    50           
3

250
−T           

3
100  

Area under v-t graph = displacement. 

,160010
3

250
2
1

=×





 +− TT ,320

3
2502 =−T ,

3
12102 =T  

3
605

=∴T s. 
 

Example 2    A tram moves with an acceleration of 

( )100
625
2 2 −tt  ms-2 at time 0≥t . At ,0=t its speed is 8 ms-1. 

 

(a) Find the time required for the tram to stop. 
(b) Find the distance travelled for it to stop. 
 

(a) At time t the tram moves with a velocity of 

( ) 850
4625

28100
625
2

0

2
4

0

2 +



















−=+−= ∫

t
t

ttdtttv  

( ) ( )2224
24

100
1250

110000200
1250

18
25
4

1250
−=+−=+−= ttttt  

( ) ( ) .1010
1250

1 22 +−= tt  ∴at ,10=t .0=v  

Time required  is 10 s. 
 

Sketch the v-t graph for 0≥t . 
               v 
 
               8 
 
 
 
 
               0                                   10             t 

(b) Area under v-t graph = displacement ∫=
10

0
vdt  

( )∫ +−=
10

0

24 10000200
1250

1 dttt  

3
12810000

3
200

51250
1

10

0

35

=



















+−= ttt . 

Distance travelled 
3

128
= m. 
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Mechanics 
 
In mechanics we study the cause for change in motion. Change 
in motion of a particle is the result of some forces acting on it. 
The relationship between force and motion is described in 
Newton’s second law. If the forces on a particle have zero vector 
sum, its motion remains constant, i.e. it remains at rest if it is at 
rest; it continues to move in the same direction at the same speed 
if it is moving. This is known as Newton’s first law (or the law 
of inertia). A particle is in static equilibrium when it remains at 
rest, the vector sum of forces equals zero. It is in limiting 
equilibrium when it is at rest but on the verge of moving. 
 
Newton’s second law 
 

Newton’s second law, 
m
Ra =  where a ms-2 is the acceleration of 

a particle of mass m kg, and R newtons (N) is the resultant force 
on it. 
Both a and R are vectors pointing in the same direction. 
 

Resultant force R is the vector addition of all forces acting on the 
particle, ......321 +++= FFFR  
 

R can be resolved into two perpendicular components, 
......321 +++= xxxx FFFR  and ......321 +++= yyyy FFFR  

 

Newton’s second law maR =  can be expressed in a more 

general way,
dt
dpR =  where p is a vector quantity called 

momentum (kgms-1) of a particle, it is defined as mvp = , the 
product of mass and velocity. maR =  is the special case when 
m is constant. 

If R is constant, then a is constant and .
t
p

t
vmR

∆
∆

=
∆
∆

=  If R is 

not constant, then average resultant force .
t
pRav ∆

∆
=  

Weight 
 
The weight W (N) of an object is the force of gravity on it. 
Weight is a vector and its direction is always downward. Its 
magnitude is given by mgW = and g has a value of  9.8 Nkg-1. 
 
Newton’s third law 
 
Newton’s third law states that for each action there is a reaction, 
e.g. when an object rests or slides along a smooth horizontal 
surface, it presses against the surface with a force (action) equals 
to its weight mg newtons, the surface therefore exerts a force 
(reaction) of the same magnitude on the object but in the 
opposite direction.  
 

In this case the reaction force is perpendicular to the surface and 
it is called normal reaction N. 
 

                                                    N (reaction) 
 
 
 
 
 
                                                    W (action) 

If the object slides along a smooth plane inclined at an angle to 
the horizontal, the object presses against the plane with a force 
(action) equals to θcosmg  and therefore the plane exerts a 
reaction force of the same magnitude on the object. Both action 
and reaction are normal to the plane if there is no friction force. 
 
            θcosmg (reaction)     
 
 
 
 
 
                                                               θcosmg (action) 
                

                                  θ 
 
 
Friction 
 

Friction exists between two sliding surfaces in contact. It 
provides a force (called force of friction) that always acts in the 
opposite direction to motion (or tendency of motion). If an 
object is at rest, force of friction can range from 0 to a maximum 
value given by ,NFf µ= where N is the magnitude of the normal 
reaction of the surface on the object and µ  is a numerical value 
called the coefficient of friction. The value of µ  depends on 
the two surfaces in contact. 
 

Friction reaches its maximum value when the object is on the 
verge of sliding, or when it is sliding along the surface. 
 

If there is a force of friction, the reaction force of the surface on 
the object is not normal to the surface. It consists of two 
components: the normal reaction N and the force of friction fF . 
 
                  N                                                    Reaction 
                              Reaction                  N 
Motion                                                                         Ff 
 
                                  Ff 
 
                                                     Motion 
 
                                                                                Action 
              Action 
 
Example 1    A particle is subject to two forces, one of 5 
newtons acting due west, the other of 4 newtons acting at a 
bearing of EN 030 . Calculate the resultant force on the particle. 
 
          N 
                                                    4                      4 
                                                       30o

                                                                                  R 
                       5                                                   60o   φ           

                                                                                 5 
 
Use the cosine rule: ( )( ) ,60cos54254 222 oR −+=   

6.421 ≈=R . Use the sine rule: ,
60sin
21

sin
4

o=
φ

o49≈φ . 

The resultant force is approx. 4.6 newtons N41oW. 
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Example 2    Two forces act on a particle. One is 20 N vertically 
downward and the other is 15 N horizontally to the left. Find the 
third force that keeps the particle in equilibrium. 
 
The particle is in equilibrium, ∴the resultant force .0=R  The 
three forces form a closed triangle. Let F be the third force. 
 
                                                       15 
 
                                         20 
                                                             F 
 

                                                θ 
 
 

,252015 22 =+=F o37
20
15tan 1 ≈






= −θ .  

The third force to balance the other two is 25 newtons at approx. 
37o with the vertical. 
 
 
Example 3    Find the tension in the electric cord ( 1T ) and in the 
string ( 2T ) that holds the 2-kg lamp as shown in the following 
diagram. 
 
                                25o                        35o 

                               T1                              T2 
                                                                   
 
Note: Vectors not drawn  
proportionally. 
                                                        6.198.92 =×=W N 
 
 
The lamp is in equilibrium, ∴resultant force = 0, ∴the three 
forces 21,TT  and W form a closed triangle. 

 
                                             2T       55o 

                                         
                                            35o 

                                            25o 

                                             1T        65o 6.19=W  
 
Find the angles and use the sine rule: 

.
60sin
6.19

65sin55sin
21

ooo

TT
==  5.181 ≈∴ T N and 5.202 ≈T N. 

 
 
Alternative method: Resolve vectors into vertical and horizontal 
components. 
From the first diagram, 035cos25cos 21 =+− oo TT , 

06.1935sin25sin 21 =−+ oo TT . 

Solve the two equations simultaneously to find 1T  and 2T . 
 
 
 
 
 

Example 4    A particle of mass 2 kg has an initial velocity of  
12− i ms-1. A constant force acts on the particle so that after 2 s 

its velocity is 16 j ms-1.  
(a)    Calculate the change in momentum of the particle. 
(b)    Calculate the constant force causing the change in velocity. 
 

(a) 2=−=∆ mumvp (16 j) 2− ( 12− i) = 24 i + 32 j . 

(b) =
∆
∆

=
t
pR (24 i + 32 j)/2 = 12 i + 16 j . 

 
Example 5    The momentum of a spacecraft at time t is given by  
( ) 2=tp i 2t+ j t− k .  

 

(a)    Calculate the change in momentum from 0=t  to 5=t . 
(b)    Calculate the average resultant force from 0=t  to 5=t . 
(c)    Calculate the resultant force at 5=t . 
 

(a) ( ) 20 =p i, ( ) 25 =p i 25+ j 5− k, ( ) ( ) 2505 =−=∆ ppp j 5− k. 
 

(b) =
∆
∆

=
t
pRav (25 j 5− k)/5 = 5j − k . 

 

(c) ==
dt
dpR t2 j − k . At ,5=t =R 10 j − k . 

 

 
Example 6    A girl slides down a 6-m long plane inclined at an 
angle of o30  to the horizontal. The girl has mass of 30 kg. The 
coefficient of friction between the girl and the slide is 0.2. 
 

(a) Analyse the forces acting on the girl as she slides down. 
(b) Determine her acceleration in terms of g. 
(c) She starts from rest at the top of the slide. Find the time 

required to reach the end of the slide. 
(d) Determine her momentum at the end of the slide. 
 
(a)                                          Normal reaction N 
 
 
                                                           Force of friction fF  
 
                                                   30o 

 
                    30o       Weight W 
 

,30gmgW ==  

,030cos =− oWN ggWN oo 31530cos3030cos ===∴ . 

.333152.0 ggNFf =×== µ  
 

(b) Use Newton’s second law for component along the slide: 

ggga
o










 −
=

−
=

10
35

30
3330sin30 . 

 

(c) ,0=u ,6+=s ,
10

35 ga 








 −
+= ?=t    Use ,

2
1 2atuts +=  

,
10

35
2
16 2gt









 −
= 9.1=t s 
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(d) ,0=u ,6+=s ,
10

35 ga 








 −
+= ?=v    Use ,222 asuv +=  

( ) 2.66
10

352 =








 −
= gv ms-1.  

1862.630 =×==∴ mvp  kgms-1. 
 
Example 7    A crate of mass m kg rests on a rough, level 
ground. It is pulled with a force of magnitude P newtons tilted 
upwards at an angle of θ  to the horizontal. There is a normal 
reaction of magnitude N newtons and the coefficient of friction 
between the box and the ground is µ . The crate is on the verge 
of sliding along the ground. 
 

(a) Express N in terms of g, P, m andθ . 
(b) Express µ  in terms of g, P, m andθ . 
(c) Determine the magnitude of the reaction of the ground on 

the crate in terms of g, P, m andθ . 
(d) Show that the reaction force inclines at angle 

µφ 1tan −= with the vertical. Hence express φ  in terms of 
g, P, m andθ . 

(e) Find the relationship among g, P, m andθ  for the crate to 
remain on the ground. 

 

Since the crate is on the verge of sliding, force of friction is at 
maximum value Nµ . 
                                                 N 
                                                                      
                                                                     P            j 
                                                               θ  
                         Nµ                                                                i 
 
 
                                                    mg  
 
i-component: 0cos =− NP µθ ………(1) 
j-component: 0sin =−+ mgNP θ ……(2) 
 

(a) From (2), θsinPmgN −= ……(3) 
 

(b) Substitute (3) in (1), ( ) ,0sincos =−− θµθ PmgP  

.
sin

cos
θ

θµ
Pmg

P
−

=∴  
 

 

(c) Magnitude of reaction                                               Nµ  

( ) ( )22 sinθµ PmgN −+=                                                       

( ) ( )22 sincos θθ PmgP −+=                                          φ    N 

θθθ 222222 sinsin2cos PmgPgmP +−+=  

.sin2 222 PmgPgm +−= θ  
 

(d) ,tan µµφ ==
N
N  








−

==∴ −−

θ
θµφ
sin

costantan 11

Pmg
P . 

 

(e) ,0sin >− θPmg i.e. .
sinθ
mgP <  

Example 8    A horizontal driving force of 900 N causes a car of 
mass 750 kg to accelerate from rest along a straight, horizontal 
road. The total resistance (air resistance and rolling frictions) to 
the car’s motion is 25v newtons, where v ms-1 is the speed of the 
car at time t.  
 

(a)    Find the maximum speed.  
(b)    Set up an equation of motion of the car.  
(c)    Find the speed at t = 20 s. 
 
 
                                                 750 kg 
 
        25v N                                                    900 N 
 
 
(a) Maximum speed is reached when the resultant force .0=R  

,025900 =−∴ v 36=v ms-1. 
 
(b) Equation of motion for the horizontal component: 

.
30

36
750

25900 vv
m
Ra −

=
−

==  

(c) Solve the differential equation 
30

36 v
dt
dv −

= : 

,
36

30
vdv

dt
−

= ∫ −
= ,

36
130 dv

v
t .36log

30
Cvt

e +−−=∴  

At ,0=t ,0=v ,36logeC =∴ .
36

36log
30 











−
=∴

v
t

e  

Hence ,
36

36 30
t

e
v
=

−
,3636 30

t

ev
−

=− .3636 30
t

ev
−

±=−∴  

Since 0=v at ,0=t 303636
t

ev
−

+=− is the only solution. 

Hence 









−=

−
30136
t

ev . At ,20=t 









−=

−
3
2

136 ev  ms-1.  

Note: As ,∞→t 36→v , the maximum speed found in (a). 
 
 
Example 9    An object of mass m projected vertically upwards 
with speed u experiences air resistance 2kv , where k is a 
positive constant and v is the speed at time t during the upward 
motion. 
 
(a)    Find the maximum height above the point of projection. 
(b)    Find the speed of the object when it passes through the 
point of projection during its return journey. 
 
(a) 
 
                                             Air resistance 2kv N 
 
Direction of motion 
(Taken as positive)                       Mass m kg 
 
 
 
                                              Weight force mg N 
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Equation of motion for the vertical component: 







 +−=

−−
== 2

2

v
k

mg
m
k

m
kvmg

m
Ra , where ,02 >+ v

k
mg  

( )






 +−= 2

2

2
1 v

k
mg

m
k

dx
vd ,  ( )







 +−= 2

2 2 v
k

mg
m
k

dx
vd , 

( ) ,1
2 2

2
v

k
mgk

m
vd

dx

+
−=  ( ),1

2
2

2∫
+

−= vd
v

k
mgk

mx  

Cv
k

mgCv
k

mgx
m
k

ee +





 +=++=−∴ 22 loglog2  

At the point of projection, ,0=x ,uv = 





 +−=∴ 2log u

k
mgC e , 







 +−






 +=−∴ 22 loglog2 u

k
mgv

k
mgx

m
k

ee , 



















+

+
=−∴

2

2

log2

u
k

mg

v
k

mg

x
m
k

e . 

Maximum height is reached when ,0=v  



















+
=−∴

2
log2

u
k

mg
k

mg

x
m
k

e , 


















+
−=

21

1log
2 u

mg
kk

mx e , 









+=∴ 21log

2
u

mg
k

k
mx e .  

 
(b) 
 
                                             Air resistance 2kv N 
 
Direction of motion 
(Taken as positive)                       Mass m kg 
 
 
 
                                              Weight force mg N 
 
Now, take the highest point as the origin ,0=x .0=v  
Equation of motion for the vertical component: 







 −=

−
== 2

2

v
k

mg
m
k

m
kvmg

m
Ra , where ,02 >− v

k
mg  

( )






 −= 2

2

2
1 v

k
mg

m
k

dx
vd ,  ( )







 −= 2

2 2 v
k

mg
m
k

dx
vd , 

( ) ,1
2 2

2
v

k
mgk

m
vd

dx

−
=  ( ),1

2
2

2∫
−

= vd
v

k
mgk

mx  

Cv
k

mgCv
k

mgx
m
k

ee +





 −−=+−−=∴ 22 loglog2 . 

At the highest point, ,0=x ,0=v
k

mgC elog=∴ , 







+






 −−=∴

k
mgv

k
mgx

m
k

ee loglog2 2 , 



















−
=



















−
=∴

22 1

1loglog2

v
mg
kv

k
mg

k
mg

x
m
k

ee . 

When the object returns to the point of projection, 









+= 21log

2
u

mg
k

k
mx e , 



















−
=








+∴

2

2

1

1log1log
v

mg
k

u
mg
k

ee . 

2

2
1

1

1 u
mg
k

v
mg
k

+=
−

∴ , 
2

2

1

11
u

mg
k

v
mg
k

+
=−∴ .  

2

2

2

2

2

2

11

11

1

11
u

mg
k

u
mg
k

u
mg
k

u
mg
k

u
mg
k

v
mg
k

+
=

+

−+
=

+
−=∴ . 

Hence ,
1 2

2
2

u
mg
k

uv
+

=
21 u

mg
k

uv
+

=∴ . 

 
 
Connected particles 
 
The motion of two particles connected by a coupling is best 
analysed by setting up two equations of motion, one for each 
particle, using Newton’s second law. Choose the direction of 
motion as the positive direction. If the first particle is pulling the 
second, then the second particle is pulling the first with the same 
force and the coupling is in tension. If the second is pushing the 
first, then the first is pushing the second with the same force and 
the coupling is in compression. 
 
 
Example 1    Two boxes connected by a cord (of negligible 
mass) are resting on a frictionless table. The boxes have masses 
of 12 kg and 10 kg. A horizontal force of 22 N is applied by a 
person to the 10 kg box.  
  
(a)    Find the acceleration a ms-2 of each box.  
(b)    Find the tension T N in the cord. 
 
                             12 kg                 10 kg 
                                           T   T                          22 N 
 
 
12 kg box: aT 12= ………(1) 
10 kg box: aT 1022 =− ………(2) 
Solve simultaneously, ,1=a 12=T . 
 
Alternatively: Consider the two boxes as a single object of mass  
22 kg.  

,2222 a= .1=∴a  
Consider the 12-kg box alone, .1211212 =×== aT  
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Example 2    Now the two connected boxes in example 1 are 
sliding along a plane inclined at o30  to the horizontal. The 
coefficient of friction is 0.20 and the pulling force applied by the 
person on the 10 kg box is 150 N up and parallel to the plane. 
 
(a)    Find the acceleration a ms-2 of each box.  
(b)    Find the tension T N in the cord. 
  
             j                              T       T             N2 
                          i                                                               150 
                                                                                          
                               N1 
                                               
                                                              
                                                                          10×9.8 = 98 
       0.20N1                                                           0.20N2 
                 30o                   12×9.8 =117.6 
 
j-component: 

,030cos6.1171 =− oN 8.10130cos6.1171 ==∴ oN . 

,030cos982 =− oN 9.8430cos982 ==∴ oN . 
 
i-component: 

aNT o 1230sin6.11720.0 1 =−− ………(1) 

aNT o 1030sin9820.0150 2 =−−− ………(2) 
 
Simplify (1) and (2) and then solve simultaneously: 

aT 1216.79 =− ………(3) 
aT 1002.84 =− ………(4) 

 
22.0=∴a ms-2, 81.81=T N. 

 
The alternative method discussed in example 1 can be used to 
solve this problem. 
 
 
Example 3    Suppose the cord connecting the two boxes in 
example 1 is placed over a frictionless pulley. Assume that both 
the cord and the pulley have negligible mass. The system is 
released from rest. 
  
(a)    Find the acceleration of each box. 
(b)    Find the tension in the cord. 
 
For each box take the direction of motion 
as the positive direction. 
 
12-kg box: aT 128.912 =−× ………(1) 
10-kg box: aT 108.910 =×− ………(2)       T 
                                                                                                      T 
Solve (1) and (2) simultaneously: 

89.0=a ms-2, 9.106=T N.                                       Motion 
                                                                                            
 
                                                                                           10 × 9.8 
                                                                     12× 9.8  
 
 
 

Example   4                  C 
                            A                            T 
                     
                      Ff 
                                                                      T 
 
                                                                         B 
                                                                      22 N 
 
A and B are blocks with weights of 44N and 22N respectively. 
(a) Determine the minimum weight (block C) that must be 
placed on A to keep it from sliding if the coefficient of friction 
between A and the table is 0.20.  
(b) Block C is suddenly lifted off A. What is the acceleration of 
B? Assume the same coefficient of friction. 
 
(a) Let x N be the minimum weight of C. Total weight of A and 
C ( )x+= 44  N. ∴normal reaction of table ( )x+= 44  N. 
∴at limiting equilibrium, force of friction between the table and 
block A, ( )xFf += 4420.0  N. 
For block B: 022 =−T ………(1) 
For blocks A and C: ( ) 04420.0 =+− xT ………(2) 
 
Solve (1) and (2) simultaneously: 66=x . 
 

(b) Mass of block B
8.9

22
= kg; mass of block A

8.9
44

= kg. 

For block B: aT
8.9

2222 =− ………(1) 

For block A: aT
8.9

444420.0 =×− ………(2) 

Solve (1) and (2) simultaneously: 96.1=a ms-2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


