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Vectors and vector calculus
Vectors in two and three dimensions

Free vectors: A vector is free if it is considered to be the

same vector under translation. PQ is a free vector because it
can be repositioned as shown in the following diagram.

y4& _Q
ad
P/

A position vector is not a free vector because it cannot be

translated. It always starts from a reference point O, the origin.

OP and @ shown below are position vectors.

yA

Most vectors can be added or subtracted if they represent the
same quantity.

Exceptions:
1. Addition of two position vectors is undefined.

2. A displacement vector can be added to a position vector to
give a new position vector.

3. Subtraction of 2 position vectors is defined as displacement.

4. Force vectors acting on different objects cannot be added.

Addition of vectors is carried out by putting the head of one
to the tail of the other. The order is irrelevant.

b
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Subtraction is done by adding the second vector in reverse
direction to the first vector.

Linear dependence and independence

Vectors x, y and z are linearly dependent if there exist non-
zero scalars p, g and r such that

px+qy+rz=0.
If px + gy + rz=0 only when p =g =r=0, then x, y and z are
linearly independent.

Example 1

3w x\ 2y

Since 3w +x+z=2y,ie.3w+x—-2y+z=0,

Therefore, w, X, y and z are linearly dependent.

Example 2 Three non-coplanar vectors are linearly

independent.

A typical example is the case where the three vectors are
perpendicular to each other.

¢
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Example 3 Given a = 3 units north and b = 4 units east, find
a vector ¢ which is linearly dependent on a and b. Find
another vector d which is also linearly dependent on a and b.

A possible vector cisc=a+b becausec—a—-b=0;a
possible vector d is d = a — 2b because d —a — 2b = 0.

Example 4 Given that vectors p, q and r are linearly
independent, and a*>(p+q —r)=(a+ 6)p + (2a + 3)q - 9r,
find the value(s) of a.

a’*(p+q-r)=(a+6)p+(a+3)q-9r,

(@ —a-6)p+(a*-2a+3)q—(a*-9)r=0.

Since p, q and r are linearly independent,
nat—a-6=a*>-2a+3=—(a*-9)=0,

ie. (a+2)(a-3)=(a+)(a-3)=—(a+3)(a-3)=0.
a =3 is the only value that satisfies all three equations.

Unit vectors

Any vector with a magnitude of 1 is called a unit vector. A
unit vector in the direction of vector s is labelled as §. It is
found by dividing vector s by its magnitude [s|, i.e. § = s/[s].

There are three unit vectors, i, j and k that are particularly
useful in vector analysis. i, j and k are in the direction of x, y
and z axes respectively. They are perpendicular to each other
and therefore, linearly independent, i.e. if pi+gj +rk=0,
then p=q=r=0.

kA

X

Any vector can be written in terms of i, j and k, e.g.
s=2i—j+25k.
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s, i, j and k are linearly dependent.
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Resolution of a vector into rectangular components

A vector is resolved into rectangular components when it is
expressed in terms of i, j and k, e.g. r = /i + mj + nk.

The magnitude of ris [r|=r =vI* + m* +n” .

Example 1 An aeroplane is 50 km NE of Melbourne Airport
and it is flying at an altitude of 10 km. Resolve its position
vector from Melbourne Airport into i, j and k components.
They are respectively pointing east, north and up. What is the
straight-line distance of the plane from the runway?

Ay N

17

P(50cos45°,50sin45° )

50

45°
0 X

v

OP =50c0s45° i +50sin45°j +10k
=252i+25v2 j+10k.
Distance from the runway = ‘O_PS‘ =450 +10% = le/% km

Example 2 Find the magnitude of s =2i—j + 2.5k, and a
unit vector in the direction of's.

ls|=s5 =42 +(=1) +2.5° =¥.

Unit vector in the direction of s:

W5 2
2 35

§=s/|s| = (2i - j + 2.5k)/ (2i—j+2.5K).

Scalar (dot) product of two vectors

Scalar (dot) product of two vectors is defined to meet the
requirements of many physical situations,

e.g. in physics work done W joules by a force F newtons in

displacing an object s metres is
F
A

S

W = Fscos@

If the scalar product of F and s is defined as F.s = Fscosé ,
then W =F.s.

The scalar product of two vectors gives a scalar.

Note: (1) In a scalar product, & is the angle between two
vectors that are placed tail to tail.

Vrr

Qrr=r, 1=
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Example 1 Find the scalar product of the two vectors.

5
5 M20°
Place the two vectors tail to tail, @ = 60° . 60°

Scalar product =5x5c0s60° =12.5.

Parallel and perpendicular vectors

Two vectors, p and q, are parallel if one equals the other
multiplied by a constant, p = aq.

Two parallel vectors are linearly dependent.

The angle between two parallel vectors is either zero or 180° .

..F.s =Fs or —Fs.

Two vectors are perpendicular (€ =90°) if F.s = 0.
Conversely, F.s = 0 if two vectors are perpendicular.

Two perpendicular vectors are linearly independent.

Note thati.i=j.j=kk=1and i.j=jk=k.i=0.

Scalar product of vectors in i, j, k components

F

S

If F and s are in terms of i, j and k, i.e. F =ai + bj + ck and
s =xi + yj + zk, then

Fs=(ai+bj+ck).(xi+yj+zk)=ax + by + cz.

ax+by+cz

Since F.s= Fscos@ , ..cosf =
Fs

ax+by+cz

x/a2 +b? +c2\/)c2 +y2 +z?

Hence cos@ =

Example 1 Show that p = 3i + 2j + 4k is parallel to

.1, 1
=—i+—j+ -k
17717673

=Ly lj+lk:ii+ ij-&-ik
4 6 3 12 12 12

1 1
= — (3i+2j+4Kk)= — p. ..p and q are parallel.
2 ( j ) o P -pandqarep
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Example 2 Show that 3i + 2j + 4k is perpendicular to
2i+j -2k

Bi+2j+4k).2i+j-2k)= 6 +2-8=0.
..the two vectors are parallel.

Example 3 Find ¢ such that 2i + 2j — k is perpendicular to
i+cj+ o6k

2i+2j—-Kk)(i+tcj+t6k)=0,..2+2c-6=0,c=2.
Example 4 Find a vector perpendicular to g =i — 2j + 3k.

Let r = /i + mj + nk be a vector perpendicular to g.
rg=0.../-2m+3n=0.

Let m=0and n=1, ..]=-3.
Hence r = -3i + k is a vector (out of an infinite number of
them) perpendicular to g.

Example 5 Find a unit vector perpendicular to p = 2i — 3j
and (a) on the same plane, (b) not on the same plane.

Let u = /i + mj + nk be a unit vector L to p = 2i — 3j,

NP Amt+nt =L, P +mP+n* =1 and2/-3m=0.

(a) If u is on the same plane as p, then the k component of u is

zero,i.e. n=0. Hence /> +m* =1 ...... (1)
and 2/-3m=0...... 2)

Solve the simultaneous equations for / and m:

From (2), m = %l ......(3). Substitute (3) in (1),

pedp g By e 3 WD, WD
9 9 V13 13 13
_3V13 ., 2413, W13, 2413,
Henceu=——i+——j or -——i—j.
13 13 13 13

(b) u (or —u) is a unit vector L to p, but not on the same plane
as p. It contains i, j and k components.

From (2), m = %1 ....(3). Substitute (3) in (1),

B

12+i12+n2:l’ '.'Elz‘f‘l’lz:l, n==,1 .
9 9 9
Choosel:L:\/E,thenm: 2 :2\/E and

Jiz 13 W13 39

n= i\/l—glz = i\/l—l = ig.
9 9

3
Henceu:\/gi+2\/ﬁj+2\5k,or
13 39 3
V3. 213 242
= i+ ji— k.
13 39 3
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Direction cosines

Consider vector h = ai + bj + ck, and the unit vector in the
direction of h is:
a b c

i+ j+
x/az+b2+c2 x/0t2+b2+c2 x/az+b2+c2

where va® +b*> +c* =|h|.

h=

k,

Let the angles that the unit vector make with the x, y and z-
axes be a, f,y respectively.

ZA

a b
S.Co0S0 =———————, COS ff = ————
Vat+b* +¢? va? +b* +¢?
c

and cosy =

Nal +b* +¢*
Hence ﬁ:cosai+cosﬂj+cosyk.

cosa,cos f,cos y are called the direction cosines of h.

Example 1 Vector r has a magnitude of 10, and it makes

angles of 30°, 45° and 60° respectively with i, j and k.
Express r in terms of 1i, j and k.

r=10cos30°i+10cos45° j+10cos60° k
r=5J3i+5J2 j+5k.

Example 2 Find the magnitude and direction cosines of
3i — 4j+5k.

Magnitude = /3% + (= 4) +5> =512 .

Unit vector = 3 i—- 4 j+ > k
V2o os27 52

3 32

Direction cosines: cosq = —— = ——

sv2 10”7

4 242 2
cosﬂ:——:—i and cosy/:i:—.

52 5 52 2
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Example 3 Find the angles that s =i — 2j — k makes with the
axes.

1 1 2 1
sl =v6,8 =——({-2j-K)=——i-—j-——k
. N A A
1 2 1
—, cosff=———=,and cosy =———.
N s

76

Hence o = 66°, f ~145° and y =114°.

S.cosa =

Example 4 a, b and c are three orthogonal (i.e. mutually
perpendicular) vectors. Find an expression for the cosine of
the angle between (a + b + ¢) and c.

Consider the scalar product of two vectors: p.q = pgcosé ,
s(a+tb+ec)c=|a+b+c||c|cosO,

act+be+ec=V@a+b+c.a+tb+c) ccosd .

Since a, b and ¢ are orthogonal, ..a.b =0, b.c =0 and c.a = 0.

Hence ¢* =va?> +b*> +c*ccosd, and

C

Vat+b* +¢?

c.cosf =

Scalar and vector resolutes

Instead of resolving a vector into i, j and k components, it can
be resolved in other ways, e.g. vector ¢ can be resolved into
two perpendicular components, one component q; parallel to
another vector s and the other component q, L to s.

¢, and q are respectively called the scalar and vector resolutes
of q parallel to s (or the scalar and vector projections of q onto

s).

¢» and q, are respectively called the scalar and vector resolutes
of q perpendicular to s.

g1 = q.8 and q; = ¢,8 = (q.)8,
9 = q—q;,and ¢, =|q—q.

Example 1 Find the projection of 4i + k onto —3i + j — 2k,
i.e. scalar resolute of 4i + k in the direction of —-3i + j — 2k.

Leth=4i+kand g=-3i+j-2k
1

iz

Unit vector in the direction of g: § = (-3i+j—2k).

The projection of h onto g:
h.g = (4 + K).—e (314 - 2K) = ——(<12=2) = 14 .

hia N}
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Example 2 Find the scalar and vector resolutes of
b =i-2j + k in the direction of a = 2i — 3j and, perpendicular
to a.

A = i-3j).

NE
8

Scalar resolute of b parallel to a: b.4d= L(2 +6)=——.
NE V13
Vector resolute of b parallel to a:

8 8
2i — 3j) = — (2i - 3j).
( J) 13( i)

X

1
b.d)a=—
(b.2)a e

Vector resolute of b perpendicular to a:

8 3., 2
b-(ba)a=>1i-2j+k-—(2i-3j) =——i-—j+k
(b.2)a = (i-2j )13( i) TREEL

Scalar resolute of b perpendicular to a:

b - (b.a)a :\/[—ij +[—3j L o V182

13

Vector proofs of simple geometric results

Example 1 Prove that the diagonals of a rhombus are
perpendicular.

Consider rhombus OPQR, oP= @ = @ =OR.

Q

_—  — — — —s  —

OQ=0P+OR, RP=0OP—-0R,

00« RP = (0P + OR )+ (0F - OR )
—OPeOP—0PeOR+OReOP—OR s OR

-0P" -OR =0.

Since @ and RP are non-zero vectors, and O—QOR_PE:0,

..the diagonals are perpendicular.
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Example 2 Use vectors to prove Pythagoras’ theorem and
the cosine rule.

B B

C b A C b A

Introduce vectors a, b and ¢ as shown above to simplify the
notations.

Pythagoras’ theorem: ¢ =b — a, c.c = (b — a).(b — a),
c.c.c=b.b—-b.a—ab+a.a.
Sincea.b=b.a=0, ..c* =a* +b*.

The cosine rule: ¢ =b — a, c.c = (b —a).(b — a),
..c.c=b.b—b.a—a.b +a.a.
Since a.b =b.a =abcos@ =abcosC,

nct=a®+b*—2abcosC .

Example 3 Prove that the angle subtended by a diameter in a

circle is a right angle.
A e C

Introduce vectors p and q from centre O to B and C
respectively.

A0 =p, AC=A0+0C=p+q, CB=0B-0C=p-q,

. ACeCB=(p+q).(p-q)=pp-qq=p"—¢’=0,
because p = ¢ =radius of the circle.

Hence AC L CB,ie. ZACB=90°.

Example 4 Point P divides AB according to the ratio m : n.

Find vector OP in terms of m, n, a and b.

A m P n B

o
OP = 0A+ AP = OA+——— 4B
m+n
—at+ (b—a)= (ma + na + mb — ma)
m+n m+n
= (na + mb).
m+n
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Example 5 Prove that the medians of a triangle are Example 1 Sketch the locus of a particle with its position
concurrent, and the intersection trisects each median. described by r(f) = 12 i — (t-1)j, 1 > 0.

Vector equation: ¥(f) = £* i — (+~1)j, > 0.
Parametric equations: x =¢>, y=—(t—1).
Cartesian equation:

From the second equation, # =1- y, substitute into the first
equation, x=(1-y)*, ..y = ix/;—kl
Since t >0, -.y=—(t-1) <1, .. y=—+x +1.

y
AM and BN are medians and CP is a line segment passing )
through the intersection O of AM and BN . -
Let OA=a, OB=band OC =c. .'.Wz%(b+c)and 0 X

ON = % (a+c). Let m, n and p be some positive constants

such that O_A/fz—ma, ON =-nb and @z—pc.

—ma = 1 (b+c¢)and —nb = 1 (a+o). Example 2 Sket‘ch the locus of.a particle with position vector
2 2 r(f)= (3sint+1)i+ (2cost—1)j,and 1 >0.

From the last two equations, —2ma —b =-2nb — a,

hence (1 —2m)a— (1 —2n)b = 0. Vector equation: r(f) = (3sinz+1)i+ (2costz—1)j,and 1>0.

Since a and b are not parallel, .". they are independent and

hence 1 —2m=0and ((1-2n)=0,ie.m=n= % . Parametric equations: ‘o1

{ { x=3sint+1, .sint =——,
~——b=—=(a+c¢), .b=-a-c
— 2_. 2_. . y=2cost—1, ..cost=—
AP=A0+0OP=-a—pc,and AB=b—-a=-2a—c. 2

Let AP =k AB where kisa positive constant. Cartesian equation:

. —a—pc=k(-2a—c),ic. 2k—a+ (k—p)c=0. 2 2
Since a and ¢ are independent, ..2k—1=0 and k—p =0, Since sin’¢+cos’t=1, .. (X; 1) + (yTHj =1,
. 1 1 . . . —_— —_.

i.e. k=— and p=—. .. P isthe mid-point of 4B and CP is 2 2
2 P, P P G VA 150 )
a median. Hence the three medians are concurrent at O and the 9 4

intersection O trisects each median.
The locus is an ellipse centred at (1,-1). At 7 =0, the particle

. T
isat x=1, y=1.At tzg,ltlsat x=2.5, y:x/g—l.
Vector equations, parametric equations and cartesian th el (1 1) d lockwi
equations (2-dimensional) ..the particle starts at (1,1) and moves clockwise.
As a particle moves its position changes with time. Its position ),
can be described with a position vector r() that is expressed in

terms of i and j components, r(t) = x(0)i + y(¢)j. / \

This equation is called a vector equation and ¢ the parameter.

x=x(f) and y=y(f) are two rectangular components in terms
of the parameter ¢. They are called parametric equations.

When the parameter ¢ is eliminated from the two parametric
equations, we obtain a cartesian equation of the locus (path),

Sxy) =0.
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Example 3  Sketch the locus of a particle with position given

by r(f) = (t+%ji+ (t—;jj,t>0.

Vector equation: r(f) = (t + %) i+ (t —lJ j, t>0.
t

Parametric equations:

Cartesian equation:

() +Q), x+y=21, t="17
2
. . 2
Substitute into (1), x:x+y+ s
2 xX+y
2
(x+y) +4 2
Sox=—"t " 2xlx+y)=x+ +4,
2(x+y) ( J’) ( J’)
2x7 +2xy =x +2xp+y° +4, L x" —yt =4,
2 2
fe. 22X o,
4 4

The locus of the particle is a hyperbola.
For t >0, x>0, .. the locus consists of the right hand branch

only. At t >0, x >+, y — —o0o, .. the particle moves
upwards along the hyperbola.

1.~
=

Example 4 A particle has position vector
r(t) = [tz +ti2j i+ (tQ —%2] j, t > 0. Find the cartesian

equation and sketch the graph of its locus. Compare the
motion of this particle with that in example 3.

t2

Vector equation: r(f) = (tz +L2j i+ (tz 1 jj, t>0.
t
Parametric equations:
1 1
x=t"+— ... (D), y=t>—=...... 2)
t t
Cartesian equation:

() +(Q2), x+y=20%, 1> =

Xy, 2 X ¥y

Substitute into (1), x = ,
2 xX+y 4 4

1.~
=

The particle has the same locus but different speed.
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Example 5 Two ships are on a collision course. Their
position vectors are r(f) = (2t + 11)i + (7¢ +6)j and

r(t) = (5¢t+ 7)i + (4t + 10)j, where ¢t > 0. When and where do
the ships collide?

The two ships collide when they are at the same place and at
the same time. Let (2¢ + 11)i + (7¢ +6)j = (5¢ + 7)i + (4¢ + 10)j.
Equate corresponding components:

2t+ 11 =5¢+7and 7t +6 = 4t + 10, .'.t=§.

At t= %, the ships are at the same position r(z) = ?i + ? j-

Example 6 The position vectors for particles A and B are
ra(f) =(2t* +1=1)i+(2¢+3) j and rg(t) = (¢> + 5t — 4) i +3¢
respectively. Find an expression for their separation at time
t > 0. When and where do they collide?

VA
I'p—TIa
ra

I'g

rg—ra= (> +5t—4) i 43— [ (2> +¢-1) i+(2t +3) j]
=—(t* -4t+3)i+(t-3)j

Separation = |rg — 1| :\/(t2 —4t+ 3)2 +(t-3) .

The particles collide when their separation is zero,
e (a0 43) 1 (=3 =0, (P —4r+3f +(-3) =0,

(=3 (-1 +(t-3F =0, (=37 (-1)* +1)=0,

.t =3 and hence r = 20i + 9j is where they collide.

Differentiation of a vector with respect to time

Given vector r(f) = x(¢)i + y(?)j, its first and second
derivatives with respect to ¢ are respectively

d __dx, dy. d>  d’x., d’y
—r=—i+t—jad —r=—i+t—
dt dt dt dt dt dt

j-

Derivatives of position and velocity vectors

If r(¢) is a position vector, its first derivative is a velocity
vector v(¢), and the second derivative is an acceleration vector

a(?).

2

v(t) = %r,a(t)= %vora(t)= Fr.

Vectors and vector calculus 7



Example 1 The position vector of an object moving in a

plane is given by r(f) = £ i+ * j, t > 0. (a) Find its velocity,
speed and acceleration when ¢ =1. (b) Draw the graph of the
locus, and the velocity and acceleration vectors at ¢ =1.

@r@) =i+ ], tZO,V(t):%r:3t2i+2tj,

v=yB ] + (2 =ort + 4,
a(t)=%V:6ti+2j.

At t=1,v=3i+2j, v=+13, a=6i+2j.

1)? 2
(b) x:t3,y=t2,.'.y=(x3] =x3.Since >0, . x>0.

Ya
3 v a
|
| |
1| ~A~=--- J ]
ol 1 4 7 x

Example 2 Find the velocity, acceleration and speed of a
particle whose position vector is given by r(f) = €' i+ e},

t 2 0. Sketch the path of the particle and draw the velocity and
acceleration vectors at t =0 .

l'(t)= ei+ e_tj’v(t):dir:e’i_e"j’

t
v=ole'f+(cef = ez’+e’2’,a(t)ziv:e’i—i-e”j.
T e T e w4

d
Att=0,v=i—ja=i+j.

Parametric equations: x=¢', y=e™".
. . L1 1
Cartesian equation: y=e” =—, . y=—.When =0, x=1
et

x
and y =1. .. the particle starts from (1,1).

yA
a
1
Vv »
0 1 X
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Example 3 A particle moves so that its position vector at
time ¢ is given by r = 3cos(2¢)i + 3sin(2¢)j for t > 0.

(a) Find the velocity and acceleration at time ¢.

(b) Show that in this case, v is perpendicular to r, and a is
opposite in direction to r.

(c) Sketch the locus of the particle and show the velocity and
acceleration vectors at time ¢.

(a) r=3cos(20)i +3sin(2¢)j,

V= %r = —6sin(2¢) i + 6 .cos(2t) j,
d . . .
a :EV =—12cos(2t)i—12sin(2¢) j.

(b) v.r =—-18sin(2¢) cos(2¢) +18sin(2¢)cos(2¢) =0, .. v.Lr.
a =—12cos(2t)i—12sin(2¢)j =—-4(3cos(2¢t) i +3sin(2¢) j),
-.a =—4r. Hence a is opposite in direction to r.

(¢) x=3cos(2¢), .. § =cos(2t). y =3sin(2¢), .. % = sin(2¢).

2 2
Use sin® 4+cos” 4=1 to eliminate #: (%) + (%) =1,

- x>+ y* =9. The locus is a circle of radius 3 and centre
(0,0). At =0, x=3cos0=3, y=3sin0=0.

At £=0.1, x>0 and y>0. .. The particle starts from (3,0)
and moves anticlockwise.

»
>

Example 4 An object moves in a path with position vector
r(f) = costi+ 2sintj, ¢ > 0. (a) Show that the path is
elliptical. (b) Show that the acceleration points towards the
origin.

(a) x=cost, y=2sint, .‘.%zsint.

2

Eliminate 7, x* +yT =1. Path is elliptical.

(b) r(f)= costi+ 2sintj, v =—sinti+2costj,
a =—costi-2sint j=—(costi+2sint j)=—r. ..a is opposite
to r and hence it is towards the origin.

Vectors and vector calculus 8



Antidifferentiation of a vector with respect to time

Given acceleration a(f) = p(¢)it+ ¢(?)j,
velocity is v(?) :J' a() dr =[ p()ids + [q(0)jdr , and

position is r(¢) =j v(?) dt.

Example 1 Given the acceleration a = 2cos¢i+ 2sint j, and

when ¢ =0, r =-2i and v = -2j, of a particle.

(a) Show that the speed of the particle is constant.

(b) Show that the velocity and the acceleration are always
perpendicular.

(c) Show that the acceleration is always towards the centre
of the circular path.

(d) Show that the path is circular.

(e) Sketch the path, and show the direction of motion of the

particle at time ¢.

(a) a= 2costi+ 25intj,v=j2costidt +'[251ntjdt,
s.v=2sinti—2cost j + ¢, where ¢ is a constant vector.

When t=0,v=-2j, ..¢=0, .. v=2sinti—2costj.

Hence v = \/(2sint)2 +(—2005t)2 =+/4 =2, a constant.
(b) v.a=4sintcost—4costsint =0, ..vis L a.

(¢) r= IZsint idt —J-2cost jdt =—2costi-2sint j+d,
where d is a constant vector.

When t=0,r=-2i, ..d=0, ..r=-2costi-2sint j.

..a=-r1. Hence a is always towards the origin, i.e. the centre
of the circular path.

(d) x=-2cost, .'.—%zcost. y=-2sint, .. —— =sint.

D =

2
. x> +y* =4. The path is a circle of radius 2 and centre (0,0).

2 2
Use sin® 4 +cos? A =1 to eliminate ¢: (— %) + (— l) =1,

(© Ya
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Example 2  Given the acceleration a = —10j, and when ¢ =0,
the position is r = 0 and the velocity is v = 7i + 10j.

(a) Find the position vector at time ¢ > 0.

(b) Describe the path.

(¢) At what time is the y-coordinate the same as that at f = 0?
(d) What is the x-coordinate at that time?

a)a=-10j,v=|-10jdt =-10¢j + c, ¢ is a constant vector.
) J J

When ¢ = 0, the velocity is v=7i + 10j, ..c = 7i + 10j.
Hence v =—10¢ j+ 7i + 10j = 7i +(10 - 10¢) j.

.-.r:j7idz +j(10—10t)jdt =7ti+(10t=5¢*)j+d, where d

is a constant vector.
When ¢ =0, the positionr =0, .. d=0.
Hence r=7ti+ (10t —5¢%)j.

(b) x=7t, y=10t—5¢*.

2
Eliminate ¢, yle(%j—S[ﬁj L y=0, S

7 7 49
y= —4i9(x2 —14x): —4i9(x2 —14x+49)+5 = —%9( —7)2 +5.
Path is a parabola, vertex at (7,5).
yA
5
0 7 14 > x

() Att=0, y=0. When y=0, 101—5¢> =0, ..¢=2.

(d)At =2, x=2t=14.

Example 3 A particle is projected at the origin with a
velocity given by v=1i+ j + 10k, and it has a constant
acceleration a = —10k. The unit vector k is pointing vertically
upward.

(a) Find the velocity vector of the particle at time ¢.

(b) Find the position vector of the particle at time ¢.

(c) Find the maximum height above the origin.

(d) Find the distance of the particle from the origin when it
returns to the same level as the origin.

(a)a=-10k,v= j—lO kdt =-10t k+ ¢, where cis a
constant vector.

When ¢ =0, the velocity isv=1i+j +10k, ..c =i+ j + 10k.
Hencev =—10t k+i+j+ 10k=i+j+(10-107) k.

(b) :.r:J’ idz+J' jdt+J.(10—10t)kdt

=ti+tj+(10t—5¢*)k + d, where d is a constant vector.
When ¢ =0, the positionr =0, .. d=0.
Hencer=ti+tj + (10t —5¢t%)k.

Vectors and vector calculus 9



(c) At the highest point, the particle moves horizontally, i.e.
the k component of v is zero. ..10—-10¢ =0, ¢t =1.

At t =1, the k component of r is 10z —5¢> =10-5 =35, .".the
maximum height is 5.

(d) When the particle returns to the starting level, the k
component of r is zero. .. 10¢ =5¢> =0, t = 2.
At t=2 r=ti+tj +(10r-5)k=2i+2j.

~.distance from origin = [r(2)| =42 +2> =242 ..

The last two examples are projectile motions under constant
acceleration due to gravity, g.

A general consideration of projectile motion under
constant acceleration due to gravity (2 D)

Let a = —gj and the initial position and velocity are
respectively r=0and v= v, cos@ i+ v,sind j.

|

a=—gj, V:I—gjdt =—gt j + ¢, where ¢ is a constant vector.
When ¢ = 0, the velocity is v= v, cos@i+ v,siné j,
se=vy,cosfi+ v sindj.

Hencev =—gtj+ vycos@i+ v,sind j

=v,cosdi+ (v,sinf—gt)j.

.-.rzjvo cos@idt +I(v0 sin@—gt) jdt

=(vycosO)ti+((v,sinO) —%gtz)j + d, where d is a constant

vector.

When ¢ =0, the positionr =0, .. d=0.

sor=(v, cosO)t i+ ((v,sin )t —%gtz)j.

Hence at time ¢, the horizontal and vertical components of the
velocity vector are v=v,cos@ and v=v,sinf — gt

respectively.

Also, at time ¢, the horizontal and vertical components of the
. . 1

position vector are x = (v, cosd)t and y = (v, sinf)t - 5 gt’

respectively.
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Eliminating ¢ from the last two equations:

x=(vyco80)t, ..t = . Substitute into

V, €OS

. 1
¥ =(v,sinO)¢ —Egt2 ,

2
. X 1 X
=(v,sin@ -= R
=0 )vocosﬁ Zg[vocosé’j
&
2(v, cosB)’

locus of the projectile satisfying the conditions stated in the
opening sentence.

S y=xtanf— x*. This is the equation of the

VA

R ———

Range

The maximum height is reached when the j component of v is

. . 0

Zero’ Le. VO sm 0 - gt = 0, St = ﬁ.
g
At t= M’
g
. ) 1 0)?
the j component of r is y = (v, sin 8)¢ —lgtz _ M
2 2g
. . 4 6 2
. maximum height = M
2g

Also, maximum height is reached at mid-range where

vosing vo2 sinfcosf vo2 sin 260
g 26
v, sin20

g

x=(v,co80)t = (v,cosb)
.".the range of the projectile is

Example 1 A particle is projected with a speed of 20 ms™ at
60° with the horizontal from the origin. Take g =10ms™.
(a) Find the equation of the path of the particle.

(b) Find the maximum height reached.
(c) Find the range of the particle.

2
(a) y =xtan60’ — 10 x?, .'.y:\/gx—%.

(b) Maximum height = (o s;zﬁ)z = (20?: 16(())0)2 =15m
(©) Range = v, sin 20 _20° Sil(l)lzoo 203 m
Vectors and vector calculus 10



