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Q1a  Let xu ln= , 
xdx

du 1
= . 

( ) cxcuududx
dx

du
udx
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+=+=== ∫∫∫

22 ln
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1ln
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Q1b  Let xu =  and 
x

ev
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2

1
= , 1=

dx
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Q1c  ∫∫∫ 
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( ) ( ) cxxcxx +−=+
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Q1d  ∫∫ 








−
−

+
=

−+

−
5

2

5

2

2
1

1

4

2

43

6
dx

xx
dx

xx

x
     [Partial fractions] 

( ) ( )[ ] ( )
16

9
ln

1

4
ln1ln4ln2

5

2

2
5

2 =












−

+
=−−+=

x

x
xx . 

 

Q1e  Let θtan=x , θ
θ

2sec=
d

dx
, 

θ

θ
2

sec

1
=

dx

d
. 

∫∫∫ =
+

=
+
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1
22
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1
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Q2a  ( ) iiii ==
249 . 

 

Q2b  i
i

i

i

i

i
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Q2c   

                                                                            T 

                                                       P 

 

                                    R                                  Q 

 

                                                                        S 

Q2d 

                              
 

Q2ei  ( )( )π1215 +=−= ncisz , 






 +
=∴ π

5

12n
cisz . 

Let 0=n , 1± , 2± . 









−=

5

3π
cisz , 








−

5

π
cis , 









5

π
cis , 









5

3π
cis , ( )πcis . 

 

Q2eii 

                                                • 

                             2π/5                             • 
 

                                       •                            1 

                                       •  i 
                                                • 
 

Q2fi  Let ibia 43+=+ . 

322 =−∴ ba and 2=ab . 

Hence 2±=a  and 1±=b . 

The two square roots are ( )i+± 2 . 
 

Q2fii 
( ) ( )

2

2

2

43

2

14
2

iiiiiii
z

+±−
=

+±−
=

−−−±−
= . 

1=∴ z  or i−−1 . 

 

Q3ai  
( )xf

y
1

=  

                          y 
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                                                                                   y = -1/3 

 

 

                                                                                   y = -3 

 

 

Q3aii  ( )[ ]2
xfy =  

                          y 

                                                                                  y = 9 

 

 
                                                                                   

                          1 

                          0                4                                                 x 

                                                                                   y = -3 

Let θsin=u , θ
θ

cos=
d

du
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Q3aiii  ( )2xfy =  

                                                 y 

                                             1 

          

                                      -2          2    4                        x 

 

      y = -3 

 

 

Q3bi  1832 22 =++ yxyx , 

06222 =+++
dx

dy
y

dx

dy
xyx  [implicit differentiation], 

yx

yx

dx

dy

3+

+
−= . 

For horizontal tangent, 0
3

=
+

+
−=

yx

yx

dx

dy
,  

0=+∴ yx , i.e. xy −= . 

( ) ( ) 1832
22 =−+−+∴ xxxx , 182 2 =x , 3±=∴ x  and 3m=y . 

The points are ( )3,3 −  and ( )3,3− . 

 

Q3c  ( ) ( ) ( )515
223 +−=+++= xxbxaxxxP 593 23 +−+= xxx . 

3=∴a  and 9−=b . 

 

Q3d  Solve 1+= xy  and ( )2
1−= xy  simultaneously. 

( )2
11 −=+ xx , 03 2 =− xx , 0=∴ x  or 3. 

( )( )∫ −−+=
3

0

2
112 dxxxxV π ( )∫ −=

3

0

3232 dxxxπ  

2

27

4
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0

4
3 π

π =







−=

x
x cubic units. 

 

Q4ai  1
2

2

2

2

=+
b

y

a

x
, implicit differentiation, 0

22
22

=+
dx

dy

b

y

a

x
. 

Gradient of tangent 
ya

xb

dx

dy
2

2

−= ,  

and hence gradient of the normal at ( )00 , yx  is 
0

2

0

2

xb

ya
. 

Equation of the normal is ( )0

0

2

0

2

0 xx
xb

ya
yy −=− . 

 

Q4aii  x-intercept of the normal: Let 0=y , ( )0

0

2

0

2

0 xx
xb

ya
y −=− , 

0

2
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0

2

0 1 xex
a
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a
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xx =










−=−=∴ .  

Hence N is ( )0,0

2xe . 

 

 

Q4aiii  ePMPS = , MePSP ′=′ . 

( )
( ) SN

NS

xeae

xeae
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MeP

ePM
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e

a

e

a

′
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+

−
=

+

−
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+

−
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′
=

′
∴

0

2

0

2

0

0

0

0
. 

 

Q4aiv  
SP

SPN

SN ′

′∠
=

′

sinsinα
, 

SP

SPNSN

′

′∠′
=∴

sin
sinα . 

PS

PNS

NS

∠
=

sinsin β
, 

PS

PNSNS ∠
=∴

sin
sin β . 

PNSNSSP

SPNSNPS

∠′

′∠′
=∴

sin.

sin.

sin

sin

β

α
. 

SPN ′∠  and PNS∠  are supplementary angles, 

PNSSPN ∠=′∠∴ sinsin . 

From Q4aiii, 1
.

.
=

′

′

NSSP

SNPS
. 

1
sin

sin
=∴

β

α
, i.e. βα sinsin = . 

βα =∴  since πβα <+ . 

 

Q4bi  
2

0
π

α << . 

Vertical: 0cossin =−+ mgTN αα ……(1) 

Horizontal: 2cossin ωαα mrNT =− ……(2) 

 

Q4bii  From equation (1), 
α

α

sin

cosTmg
N

−
= ……(3)  

Substitute in equation (2), 
( ) 2

sin

coscos
sin ω

α

αα
α mr

Tmg
T =

−
− . 

Simplify and write T as the subject, ( )αωα sincos 2rgmT += . 

Substitute in equation (3) and simplify, 

( )
α

ααωα

sin

cossincos
2

rgmmg
N

+−
= ( )αωα cossin 2rgm −= . 

 

Q4biii  If NT = , 

( ) ( )αωααωα cossinsincos 22 rgmrgm −=+ , 

( ) ( )ααααω cossincossin2 −=+ gr , 

( )
( )
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−
=
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+

−
=

+

−
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2

α

α
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ω

α
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α
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g

r

g
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……(4) 

 

Q4biv  Solve 








+

−
=

1tan

1tan2

α

α
ω

r

g
for α  in terms of r and ω , 












−

+
= −

2

2
1tan

ω

ω
α
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.  

Since 1
2

2

>
−

+

ω

ω

rg

rg
, 

4

π
α >∴ .  

Hence 
24

π
α

π
<< . 
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Q5ai  Since AB is a diameter, °=∠∴ 90ADB . 

AKY∆ and ABD∆ are similar because A∠  is common and 

°=∠=∠ 90ADBAYK . Hence ABDAKY ∠=∠ . 
 

Q5aii  ACDABD ∠=∠  [Subtended by the same arc AD]. 

ABDDKX ∠=∠  [From Q5ai]. 

DCXDKX ∠=∠∴ . 

CKDX∴ is a cyclic quadrilateral because both angles are 

subtended by the same arc DX. 

 

Q5aiii  KX is a diameter since °=∠ 90XDK . °=∠∴ 90XCK . 

°=∠=∠ 90ADBACB  [Subtended by diameter AB]. 

XCK∠∴  and ACB∠  form a straight angle. 

Hence B, C and K are collinear. 

 

Q5bi  ∫
+=

1
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2

dxexI xn

n , ( )
∫∫

−+−
− ==∴

1

0
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1
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1

22

dxexdxexI xnxn

n . 

Let nxu 2= , 122 −= nnx
dx
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2xxe
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dv
= , 

2

2

1 x
ev = . 

( ) ( )[ ] ∫∫
−−








=−=

1
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12
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1
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0

22

2

1
dxexnexdx
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du
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1
2
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e

. 

 

Q5bii  ( )1
2

1

2

1
1

0

1

0

0

22

−=







== ∫ eedxxeI

xx . 

2

1

2
01 =−= I

e
I , 1

2
2

2
12 −=−=

e
I

e
I . 

 

Q5ci  

( ) x
ee

xf
xx

−
−

=
−

2
, ( ) 1

2
−

+
=′

−xx ee
xf , ( )

2

xx ee
xf

−−
=′′ . 

For 0>x , xx ee −> , ( ) 0>′′∴ xf . 

 

Q5cii   

Since ( ) 0>′′ xf for 0>x , ( )xf ′∴  is increasing for 0>x . 

When 0=x , ( ) 01
2

0
00

=−
+

=′
ee

f .  

( ) 0>′∴ xf  for 0>x . 

 

Q5ciii   

Since ( ) 0>′ xf for 0>x , ( )xf∴  is increasing for 0>x . 

When 0=x , ( ) 00
2

0
00

=−
−

=
ee

f .  

( ) 0
2

>−
−

=∴
−

x
ee

xf
xx

 for 0>x . 

Hence x
ee xx

>
− −

2
 for 0>x . 

 

 

 

Q6a  Translate the solid 4 units left, and reflect in the y-axis. 

The base equation becomes 2yx = , i.e. xy ±= , [ ]4,0∈x . 

Width of rectangle x2= , height of rectangle x= . 

5

128

5

4
2.2

4

0

4

0

4

0

2
5

2
3

=













=== ∫∫

x
dxxxdxxV  cubic units. 

 

Q6bi  Let β  be the remaining zero. 

Product of zeros 1−= , 11 −=××−∴ βα , 
α

β
1

=∴ . 

 

Q6bii(1)  ( )xP  has real coefficients, αβ =∴ . 

α
α

1
=∴  , i.e. 1=αα , 1

2
=α . Hence 1=α .  

 

Q6bii(2)    Sum of zeros q−= , q−=++−∴ αα1 , 

q−=+ 1αα . 

( ) q−=∴ 1Re2 α , ( )
2

1
Re

q−
=α .  

 

Q6ci  
22222

ryxOQOPPQ −+=−= . 
 

Q6cii  PRPQ = , i.e. xcryx −=−+ 222
, 

( )2222 xcryx −=−+ . 

Expand and simplify: cxcry 2222 −+= . 
 

Q6ciii  








 +
−−=

c

cr
xcy

2
2

22
2  and compare with aXY 42 −= , 

2

c
a = . Distance between vertex and focus 

2

c
a == . 

x-coordinate of 
c

rc

c

cr
S

222

222

=−
+

= .  See diagram below. 

S∴  is 









0,

2

2

c

r
. 

 

Q6civ                                          y              Directrix 

                                                     P(x,y) 

                                                                         M    R 

 

                                        Q 

                                                0       S                     c             x 

 

 

                                 
c
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2

2

            
c
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2

22 +
  

c

cr

2

2
22 +

 

 

x
c

cr
PMPS −

+
==

2

2
22

, xcPRPQ −== . 

( )
c

r
xcx

c

cr
PQPS

22

2
222

=−−









−

+
=−∴ , independent of x. 
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Q7ai(1)  rvgx −=&& , where 0>− rvg . Acceleration due to 

gravity is greater than that due to air resistance. 

rvg
dx

dv
v −= , 









−
−−=









−

−−
−=

−
=

rvg

g

rrvg

grvg

rrvg

v

dv

dx
1

11
. 

∫ 








−
−−=∴ dv

rvg

g

r
x 1

1
, ( ) crvg

r

g
vrx +−−−= ln . 

Given 0=x  and 0=v  initially, ( ) cg
r

g
+−= ln0 , 

( )g
r

g
c ln=∴ , v

rvg

g

r

g
rx −









−
= ln , 

r

v

rvg

g

r

g
x −









−
= ln

2
. 

 

Q7ai(2)  Given 8.9=g , 2.0=r , and 30=v when Lx = , 

82
2.0

30

302.08.9

8.9
ln

2.0

8.9
2

≈−








×−
=L metres. 

 

Q7aii  When Lx > , ( ) 92cos10sin2910 +−=
−

ttex
t

. 

( ) ( )ttette
dt

dx
v

tt

sin10cos29cos10sin29
10

1
1010 ++−−==
−−

 

( )tttte
t

sin10cos29cossin9.210 +++−=
−

 

( )tte
t

cos30sin1.710 +=
−

. 

Find maxx  by letting 0=v .  

Since 010 ≠
−t

e , 0cos30sin1.7 =+ tt , 
1.7

30
tan −=t ,  

8032.1
1.7

30
tan

1 ≈







−= −

t  and  

( ) 49.117928032.1cos108032.1sin2910
8032.1

max ≈+−=
−

ex . 

Add the height of the jumper to maxx , 119.49 metres, which is 

less than 125 metres. The jumper’s head stays out of the water. 

 

Q7bi  θcisz = , θθθ nincisnzn sincos +== , 

( ) ( ) ( ) θθθθθ ninninncisz n sincossincos −=−+−=−=− . 

θnzz nn cos2=+∴ − . 

 

Q7bii  ( ) ( ) mm
zz

212
cos2 −+=θ  

112221122

1

2
...

2

2

1

2 +−+−−−−










−
++








+








+= mmmmm
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m

m
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m
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m
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+
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+ −−−− mmmm
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m

m
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m

m
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m

m
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−
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242222
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2
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2

1

2
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m

m
z

m
z

m
z
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z
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m
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m
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zz
m

m
222
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2 −+− +








−
+  

 

 

222222
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2

1

2 +−−−










−
+








++= mmmm

z
m

m
z

m
zz  

...
22

2

2

2
4242 +









−
+








+ +−− mm

z
m

m
z
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+









+
+









−
+ −

m

m
z

m

m
z

m

m 2

1

2

1

2
22

 

( ) ( )222222

1

2 +−−− +







++= mmmm

zz
m

zz  

( ) ...
2

2
4242 ++








+ +−− mm

zz
m ( ) 








++









−
+ −

m

m
zz

m

m 2

1

2
22

 

( ) ( ) ...42cos2
2

2
22cos2

1

2
2cos2 +−








+−








+= θθθ m

m
m

m
m  









+









−
+

m

m

m

m 2
2cos2

1

2
θ  

( ) ( ) ...42cos
2

2
22cos

1

2
2cos2






+−








+−








+= θθθ m

m
m

m
m  









+














−
+

m

m

m

m 2
2cos

1

2
θ  

 

Q7biii  ( ) θθ mmm 222
cos2cos2 = , 

( )∫∫ =
22

0

2

2

0

2 cos2
2

1
cos

ππ

θθθθ dd
m

m

m  

( ) ( )∫





+−








+−








+=

2

0

2
...42cos

2

2
22cos

1

2
2cos

2

2
π

θθθ m
m

m
m

m
m

 

θθ d
m

m

m

m














+









−
+

2

2

1
2cos

1

2
 

( ) ( )
...

42

42sin

2

2

22

22sin

1

2

2

2sin

2

2
2





+

−

−








+

−

−








+=

m

mm

m

mm

m

m
m

θθθ
 

2

0

2

2

1

2

2sin

1

2
π

θ
θ














+









−
+

m

m

m

m
 




















=

2

2

2

1

2

2
2

π

m

m
m

 









=

+ m

m
m

2

2
12

π
 

 

Q8ai  
2

tan

tan2

1

tan2

tan11

tan

1
cot 2

22

2

2

tan1

tan2

2
2

2

θ

θθ

θ

θ

θ
θ

θ −=
−

===

−

   

2
tan

2

1

2
cot

2

1 θθ
−= . 

2
cot

2

1

2
tan

2

1
cot

θθ
θ =+∴ . 

Note: 










−
=









12

2

1

2

m

mm

etc. 

Sine of 0 or multiple of π equals 0. 
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Q8aii  From Q8ai, 
2

cot
2

1

2
tan

2

1
cot

θθ
θ =+ . 

 x
xx

cot2
2

cot
2

tan −=∴ . 

x
xx
nn

n

r

rr
cot2

2
cot

2

1

2
tan

2

1
1

1
1

−=∴
−

=
−∑  is true for 1=n . 

Assume it is true for kn = , 

i.e. x
xx
kk

k

r

rr
cot2

2
cot

2

1

2
tan

2

1
1

1
1

−=
−

=
−∑ . 

When 1+= kn , 

( ) 111
1

1

1

1
1

2
tan

2

1

2
tan

2

1

2
tan

2

1
+−+

=
−

+

=
−

+=∑∑ kk

k

r

rr

k

r

rr

xxx
 

11
2

tan
2

1
cot2

2
cot

2

1
+−

+−=
kkkk

x
x

x
 

x
xx
kkk

cot2
2

.
2

1
tan

2

1

2
cot

2

1
1

−







+=

−
 

x
x
kk

cot2
2

.
2

1
cot

2

1

2

1
1

−







=

−
 

x
x
kk

cot2
2

cot
2

1
1

−=
+

. 

x
xx
nn

n

r

rr
cot2

2
cot

2

1

2
tan

2

1
1

1
1

−=∴
−

=
−∑  is true for 1+= kn . 

Hence, it is true for integers 1≥n . 

 

Q8aiii  

xx
xx

n

xnnn

n

r

rr
cot2

tan2

1
cot2

2
cot

2

1

2
tan

2

1

2

11
1

1
−=−=

−−
=

−∑ , 

As ∞→n , 
nn

xx

22
tan → . 

Hence, x
x

x
x

n

xn

n

r

rrn
cot2

2
cot2

.2

1

2
tan

2

1
lim

2

1
1

1
−=−→

−
=

−∞→
∑ . 

 

Q8aiv  Let 
2

π
=x , ......

16
tan

4

1

8
tan

2

1

4
tan +++

πππ
 

∑
=

−∞→
=

n

r

rrn
1

2

1
2

tan
2

1
lim

π

 

π

π
π

4

2
cot2

2

2

=−= . 

 

Q8b  el

n

n

small Adx
x

A arg

1

1
<< ∫

−

, 
1

1

1
ln

1

−
<









−
<

nn

n

n
, 

1
11

1
−<

−
< nn e

n

n
e , 1

11 1
−

−−
>

−
> nn e

n

n
e , nn e

n

n
e

1
1

1 1 −−
<

−
<− , 

nnn

nn e
n

e 




<








−<





 −−

−
1

1
1 1

1 , 
11

11 −−
<








−<∴ − e

n
e

n

n
n

. 

 

Q8ci  Let 1A  represent 1A  wins, and iA1  represent 1A  wins in 

the ith draw. 

For any one, in a single draw, probability of winning 
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[Sum of a GP with pa =  and nqr = ] 
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