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Section I 

1 2 3 4 5 6 7 8 9 10 

D A A C B C A B D C 
 

Q1  1
3

13
>=e , a hyperbola, 22 3=a  and 22 2=b   D 

 

Q2  ( ) ii 24734
2

−=−      A 
 

Q3  The graph of ( ) ( )52
31 +−= xxy  has turning point at 1=x   

and a stationary point of inflection at 3−=x  .  A 
 

Q4  ( ) 3523 +−+= xxxxP , ( ) 01 =P   

.: ( ) ( )( ) ( )( )( )311321 2 +−−=−+−= xxxxxxxP   .: 1=α  C 

 

Q5  














 −
+






 −
=−=

4
sin

4
cos21

ππ
iiz  

( )
3

3
3

4
sin

4
cos2 















 −
+






 −
=

ππ
iz  
















 −
+






 −
=

4

3
sin

4

3
cos22

ππ
i     B 

 

Q6  





 +−= ∫ dxxxxx

dx

d
xx cos2cossin

22   C 

 

Q7  In each permutation 1 is either on the left of 2 or 2 is on the 

left of 1. For each permutation with 1 on the left of 2, there is a 

corresponding permutation with 2 on the left of 1. 

( ) ( )
2

1
1 ofleft  2Pr2 ofleft  1Pr ==     A 

 

Q8  A is incorrect because it is defined for all Rx ∈ . 

C is incorrect because 0≥y .  

D is incorrect because ( ) 0≠af .    B 

 

Q9  12 +       D 

 
 

Q10  ( )( )10021002 1013211 xxxxxx ++++++++ LL  

Coefficient of 100
x  

1299100101 +++++= L ( ) 51511101
2

101
=+=   C 

 

Section II 

 

Q11a  
( )( )
( )( )

i
i

ii

ii
21

5

105

22

234
+=

+
=

+−

++
 

 

Q11bi  iz +−= 3 , ( ) 213 2
2

=+−=z  

 

Q11bii  ( )
6

5

3

1
tanarg

1 π
=









−
= −

z  in the second quadrant 

 

Q11biii  ( ) ( )
42

29

76

5
argargarg

πππ
=−=−=








wz

w

z
 

 

Q11c  ( ) ( ) 122 =+++ xCBxxA  

Compare coefficients: 0=+ BA , 0=C , 12 =A   

.: 
2

1
=A , 

2

1
−=B  and 0=C  

 

Q11d  ( )212516 e−= , 
5

3
=e , foci are ( ) ( )0,30, ±=± ae  

 
 

Q11e  232 −=+ yxx  

By implicit differentiation: 0321 223 =++
dx

dy
yxxy  

4

1

3

21
22

3

=
+

−=
yx

xy

dx

dy
 at ( )1,2 −  

 

Q11fi  
θ

θ

θθ

θ
θθ

sin

1cos

sin

1

sin

cos
coseccot

+
=+=+  

( )
( ) ( )

( )
( )









===

2
cot

sin

cos

cossin2

cos2

2

2

22

2

2 θ
θ

θ

θθ

θ

 

 

Q11fii  ( ) ( )
( )∫∫ =+ θθθθ

θ

θ

dd
2

2

sin

cos
coseccot  

ccu
u

du
+








=+== ∫ 2

sinln2ln2
2 θ

 

 

 

 

 

 

 

 

 

Let 







=

2
sin

θ
u  









=

2
cos2

θ

θd

du
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Q12ai   

iz 22 += , izu 42 == ,  ( ) izzv 2422 ++−=−=  

 

 
 

Alternatively: 

 

 
 

 

Q12bi  Conjugate roots exist for real coefficients. 

.: ( )( )( )( ) 1022 =−+−+ ibaibaibaiba  and 

( ) ( ) ( ) ( ) 422 =−+++−++ ibaibaibaiba  

.: ( )( ) 104 2222 =++ baba  and 44 =a  

Solve simultaneously: 1=a  and 1or    1 −=b  

.: the roots are i±1 , i21±  

 

Q12bii  ( )( ) ( )( ) 2211 2 +−=−−+− xxixix  

 

Q12ci  
( )( )

1

107

1

52 2

−

+−
=

−

−−

x

xx

x

xx
 

Let ( ) 1072 +−= xxxP , remainder ( ) 41 =P  

.: 
( )( )

1

4
6

1

416

1

1072

−
+−=

−

+−−
=

−

+−

x
x

x

xx

x

xx
 

The oblique asymptote is 6−= xy . 

 

 

 

 

 

 

 

 

Q12cii   

 
 

 

Q12d  Translate the graph to the left by 3 units so that the 

rotation is about the y-axis: 4+= xy  

Reflect the graph in the y-axis: xy −= 4   

dxxxV −= ∫ 42
3

0

π  

( )
2

1

532

1

22

53

4
444 








−=−= ∫

uu
duuu ππ  

15

188π
=  cubic units 

 

Q13ai  
( ) ( )

1sectan
sectan 22

2

2

2

2

−=−=− θθ
θθ

b

b

a

a
 

.: point ( )θθ sec,tan baQ  satisfies the equation for 2H . 

 

Q13aii  
a

b

aa

bb
mPQ −=

−

−
=

θθ

θθ

tansec

sectan
 

Equation of line PQ : ( )θθ tansec ax
a

b
by −−=−  

.: ( )θθ sectan +=+ abaybx  

 

Q13aiii  Gradient of perpendicular to 
b

a

m
PQ

PQ

=−=
1

 

Equation of the perpendicular (to PQ ) through the origin O  is 

x
b

a
y = . 

The perpendicular lines intersect at ( )yxT ,  where  

( )θθ sectan
2

+=+ abbxx
b

a
, .: 

( )
22

2 sectan

ba

ab
x

+

+
=

θθ
 and  

( )
22

2 sectan

ba

ba
y

+

+
=

θθ
   .: 

( )
22

22 sectan

ba

ab
yxOT

+

+
=+=

θθ
 

( ) ( )

( )222

22

sectan

sectantansec

θθ

θθθθ

−+=

−+−=

ba

bbaaPQ
 

.: area of ( )
2

sectan
22

1 222 abab
PQOTOPQ =−=×=∆ θθ  

independent of θ . 

 

Let xu −= 42 , 
2

4 ux −=  

ududx 2−=  
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Q13bi  22
haxAB −==  

 

 
 

Q13bii   

( )
3

2

3

3

0

3
2

0

22

0

2 ah
hadhhadhxV

a
aa

=







−=−== ∫∫  cubic units 

 

Q13ci  2
4 rS π= , r

dr

dS
π8= , 

3
1

3

4

8

1








=×=

π

π rdt

dS

dS

dr

dt

dr
 

 

Q13cii  3

3

4
rV π= , 24 r

dr

dV
π=  

3
13

1
3
1

2

1

3

4

2

1

3

4

8

1
4

32
Vr

r
r

dt

dr

dr

dV

dt

dV
=








=








×=×= π

π

π
π  

 

Q13ciii  The balloon will burst at Tt = seconds when the 

volume increases from 8000  (at 0=t ) to 64000  cm
3
. 

3
1

2
−

= V
dV

dt
 

360032
64000

8000

64000

8000

3
2

3
1

=




== ∫

−
VdVVT  seconds 1= hour 

 

 

Q14ai  ( ) θθθθθ
θ

nnn
n

d

d
sincossin1cossin 221 −−= −−

 

( ) ( ) θθθ nn
n sinsin1sin1 22 −−−= −

( )( ) θθθ nnnn sinsinsin1 2 −−−= −  

( ) θθ nn nn sinsin1 2 −−= −  

 

Q14aii  ( )( ) [ ] 0cossinsinsin1 2
2

0

1

0

2 ==−− −−∫
π

π

θθθθθ nnn
dnn  

.: ( ) 0sinsin1
22

00

2 =−− ∫∫ −

ππ

θθθθ dndn
nn  

.: ( )∫∫ −−=
22

0

2

0

sin1sin

ππ

θθθθ dndn
nn  

.: 
( )

∫∫ −−
=

22

0

2

0

sin
1

sin

ππ

θθθθ d
n

n
d

nn  

 

Q14aiii  By 
( )

∫∫ −−
=

22

0

2

0

sin
1

sin

ππ

θθθθ d
n

n
d

nn  

[ ] 2
222

0
00

2

0

4

8

3

2

1

4

3
sin

4

3
sin

π
πππ

θθθθθθ =×== ∫∫∫ ddd
16

3π
=  

Q14bi  p−=++ γαβγαβ  and 0=++ γβα  

( ) ( ) 022222
=+++++=++ γαβγαβγβαγβα  

.: ( ) 0216 =−+ p , 8=p  

 

Q14bii   The cubic equation can be expressed as qxx −= 83 . 

.: q−= αα 83 , q−= ββ 83 , q−= γγ 83  

.: ( ) q38333 −++=++ γβαγβα , .: q39 −=− , 3=q  

 

Q14biii  Now 383 −= xx , .: xxx 38 24 −=  

.: ααα 38 24 −= , βββ 38 24 −= , γγγ 38 24 −=  

.: ( ) ( ) 12816838 222444 =×=++−++=++ γβαγβαγβα  

 

Q14ci  Vertical components: 0sincos =−− mgNN θµθ  

.: 
θµθ sincos −

=
mg

N  

Horizontal components: 
r

mv
NN

2

cossin =+ θµθ  

.: 
( )

θµθ

θµθ

sincos

cossin2

−

+
=

mg

r

mv
, .: 

( )
θµθ

θµθ

sincos

cossin2

−

+
=

rg
v  

( )
( ) 









−

+
=

−

+
=

θµ

µθ

θθµθ

θθµθ

tan1

tan

cos/sincos

cos/cossin2
rg

rg
v  

 

Q14cii  At speed V , where rgV =2 , 1
tan1

tan
=

−

+

θµ

µθ
 

.: 
θ

θ
µ

tan1

tan1

+

−
=   

Since 0tan >θ  for 
2

0
π

θ << , .: θθ tan1tan1 +<− , .: 1<µ  

 

 

Q15ai  21 kva −= , 
2

kv
dt

dv
−= , .: ∫

−
= dv

v
kt

2

1
, 1

1
c

v
kt +=  

When 0=t , uv = , .: 
u

c
1

1 −= , .: 
u

kt
v

11
+=  

 

Q15aii  ( )21 kwga +−= , 







+−= 2w

k

g
k

dt

dw
,  

.: 2

1

2
tan

1
c

g

k
w

g

k
dw

w
kt

k

g
+













=

+
=− −∫  

When 0=t , uw = , .: 













−= −

g

k
u

g

k
c 1

2 tan  

.: 



























−













== −−

g

k
w

g

k
u

gk
t 11 tantan

1
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Q15aiii  When  0=w , 













= −

g

k
u

gk
t 1tan

1
 and Vv = . 

u
kt

v

11
+= , .: 














+= −

g

k
u

g

k

uV

1tan
11

 

 

Q15aiv  As ∞→u , 0
1

→
u

 and 
2

tan 1 π
→














−

g

k
u  

.: 
g

k

V 2

1 π
≈ , 

k

g
V

π

2
≈  for very large u . 

 

Q15bi  Given 0≥x , .: xx +≤≤− 111
2  

.: 
x

x

xx

x

+

+
≤

+
≤

+

−

1

1

1

1

1

1 2

, .: 1
1

1
1 ≤

+
≤−

x
x  

 

Q15bii  ( ) ∫∫∫ ≤
+

≤−
nnn

dxdx
x

dxx

111

000

1
1

1
1  

.: 
nnnn

11
1ln

2

11
2

≤







+≤−   .: 1

1
1ln

2

1
1 ≤








+≤−

n
n

n
 

 

Q15biii  1
1

1ln
2

1
1 ≤








+≤−

n
n

n
, .: 1

1
1ln

2

1
1 ≤








+≤−

n

nn
 

.: e
n

e

n

n ≤







+≤

− 1
12

11
 

As ∞→n , ee n →
−

2
11

, .: e
n

e

n

≤







+≤

1
1  for very large n  

.: e
n

n

n
=








+

∞→

1
1lim  

 

Q15ci  Given 
2

yx
xy

+
≤ , where 0>x  and 0>y . 

( )
2

2

2







 +
≤

yx
xy , 

4

2 22 yxyx
xy

++
≤ , 22 24 yxyxxy ++≤  

2

22 yx
xy

+
≤ , 

2

22 yx
xy

+
≤  

 

Q15cii  
2

22 yx
xy

+
≤ , let abx =  and cdy =  

( ) ( )
22

22

22 2222
dcbacdab

cdab
++ +

≤
+

≤  

.: 
4

2222

4 dcba
abcd

+++
≤   for positive real numbers a , 

b , c  and d . 

 

 

 

 

 

 

 

Q16ai  3 ways to put a black counter in the first column, 3 ways 

to put another black counter in the second column etc.  

.: 53 ways to place the 5 black counters, one in each column.  

There are 3003
!10!5

!15
=  ways in total in placing the counters in 

the cells without restrictions. 

.: ( )
1001

81

3003

3
columneach in counter black  oneexactly Pr

5

==  

 

Q16aii  n  ways to put a black counter in the first column, n  

ways to put another black counter in the second column etc.  

.: q
n ways to place the q  black counters, one in each column.  

There are 
( )

( ) 







=

− q

nq

qnqq

nq

!!

!
 ways in total in placing the 

counters in the cells without restrictions. 

.: ( )









==

q

nq

n
P

q

ncolumneach in counter black  oneexactly Pr  

 

Q16aiii  ( )
( )

( )
( )!

!!

!!

! nq

qnqqn

qnqq

nq

n

q

nq

n
P

qqq

n

−
=

−

=









=  

( )
( )( )( ) ( )( )

( )( )( ) ( )121

!

!121

!!

+−−−
=

−+−−−

−
=

qnqnqnqnq

qn

qnqqnqnqnqnq

qnqqn

q

q

L

L
 

( )( )( ) ( )
n

q

nn
qqqq

q
121

!
−−−−

=
L

 

.: 
qn

n q

q
P

!
lim =

∞→
 

 

Q16bi  By de Moivre’s theorem : 

( ) ( ) ( )αααα nini
n

2sin2cossincos
2

+=+   

By binomial expansion and group real and imaginary parts: 

( )

( ) ( )

( )partimaginary                                 

sin1sincos
22

2
1                                

sincos
4

2
                                

sincos
2

2
cossincos

22221

442

22222

i

n

n

n

n
i

nnnn

n

nnn

+

−+








−
−+

+







+









−=+

−−

−

−

αα

αα

ααααα

L  

 

Hence 

( )

( ) ( ) αα

αα

αααα

nnnn

n

nn

n

n

n

n
n

22221

442

2222

sin1sincos
22

2
1                                

sincos
4

2
                                

sincos
2

2
cos2cos

−+








−
−+

+







+









−=

−−

−

−

L  
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Q16bii  Let x1cos−=α , .: x=αcos , 22 1sin xx −=  

( ) ( )

( ) ( ) ( ) ( )nnnnn

n

xxx
n

xx
n

x

nxT

222422222

2

111
4

2
1

2

2

2cos

−−++−







+−








−=

=

−−
L

α

 

 

Q16biii  The n2  roots of ( ) ( )xnxT n

1

2 cos2cos −=  are: 

π
π

kxn +=−

2
cos2 1 , .: 

( )
n

k
x

4

12
cos 1 π+

=−  

.: 
( )

n

k
x

4

12
cos

π+
=  where 0=k ,1 , L, 2 , 12 −n  

The product of the roots
n4

cos
π

=
n4

3
cos

π ( )
n

n

4

14
cos

π−
L  

( ) ( ) ( ) ( )nnnnn
n xxx

n
xx

n
xT

222422222
2 111

4

2
1

2

2
−−+−−








+−








−= −−

L

( ) ( ) ( ) ( )( )nnnnnn
xxxx

n
xx

n
x

242422222 11121
4

2
1

2

2
−+−+−+−








+−








−= −−

LL  

( ) ( ) ( )nnnn
xx

n
x

n
x

2222

4

2

2

2
++++








++








+= LLLL  






















++








+







+=

n

nnn
x

n

2

2

4

2

2

2
12

L ( )n
1−++L  

.: 
n4

cos
π

n4

3
cos

π ( )
n

n

4

14
cos

π−
L

( )









++








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