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Property 1. The tangent to a circle at a point is perpendicular to the radius at that point.




Explanation: Due to symmetry the two supplementary angles formed by the radius and the tangent are equal, ( each has a measure of 90o, i.e. the tangent is ( to the radius.

Property 2. The measure of the angle subtended at the centre of a circle by an arc is twice the measure of the angle subtended at the circumference by the same arc (or an arc of the same measure).
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Proof: Construct line segment BD through centre O.

(ABO = (OAB, 
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(ABO is isosceles;

(OBC = (OCB, 
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(CBO is isosceles;

(ABO + (OAB = (AOD and

(OBC + (OCB = (DOC,
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the exterior angle equals the sum of the two opposite interior angles.

( 2(ABO = (AOD and 2(OBC = (DOC,

( 2(ABO + 2(OBC = (AOD + (DOC,

( 2(ABC = (AOC.

Property 3. The angle subtended by a diameter at the circumference is a right angle.
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Proof: 2(ABC = (AOC   (Property 2). 

Since (AOC is a straight angle, i.e. (AOC = 180o,

( (ABC = 90o, i.e. a right angle. 

Property 4. Angles subtended at the circumference by the same arc (or arcs of the same measure) are equal.
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Proof: Construct radii OA and OB.

2(ACB = (AOB & 2(ADB = (AOB (Property 2), 

( 2(ACB = 2(ADB, ( (ACB = (ADB.

Property 5. The sum of the measures of the opposite angles of a cyclic quadrilateral equals 180o
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Proof: Construct radii OB and OD.

2(BAD = obtuse (BOD 

and 2(BCD = reflex (BOD (Property 2). Hence

2(BAD + 2(BCD = obtuse (BOD + reflex (BOD,

( 2((BAD + (BCD) = 360o,

( (BAD + (BCD = 180o.

Property 6: The angle subtended at the circumference by a chord equals the angle between the chord and the tangent.
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Proof: Construct diameter AQ and chord BQ.

(QAB + (AQB + (ABQ = 180o and

(ABQ = 90o (Property 3),

( (QAB + (AQB = 90o.

Also (QAB + (BAP = 90o (Property 1),

( (QAB + (AQB = (QAB + (BAP,

( (AQB = (BAP.

Since (AQB = (ACB (Property 4),

( (ACB = (BAP.

Property 7: If chord AC intersects chord BD at X (inside or outside the circle), 

then AX ( XC = BX ( XD.
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Proof (for X inside circle): 

Construct chords AB and CD. 

(ABD = (ACD  (Property 4), 

(BAC = (BDC  (Property 4), and

(AXB = (DXC  (Vertically opposite angles),

( (AXB and (DXC are similar triangles.

Hence the ratios of corresponding sides are equal,

e.g. AX : XD = BX : XC, ( AX / XD = BX / XC,

( AX ( XC = BX ( XD.

Proof (for X outside circle): 

Construct chords AB and CD.

(ABD + (ACD = 180o (Property 5),

(DCX + (ACD = 180o (Supplementary angles),

( (ABD = (DCX.

Similarly, (BAC = (CDX.

Also, (AXB = (DXC (Common angle for (AXB and (DXC).

( (AXB and (DXC are similar triangles.

Hence the ratios of corresponding sides are equal,

e.g. AX : XD = BX : XC, ( AX / XD = BX / XC,

( AX ( XC = BX ( XD.

Property 8: For a cyclic quadrilateral, the product of the diagonals equals the sum of the products of the opposite sides.
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AC ( BD = AB ( CD + AD ( BC

Proof: Construct line segment CE such that 

(BCE = (ACD.

(CBE = (CBD = (CAD (Property 4) 

and (BCE = (ACD (by construction) imply 

(CEB = (CDA. ( (BCE and (ACD are similar triangles. Hence 

AD : BE = AC : BC, ( AD / BE = AC / BC,

( AC ( BE = AD ( BC.

Since (BCE = (ACD (by construction),

( (BCE + (ACE = (ACD + (ACE,

i.e. (BCA = (ECD, 

also  (BAC = (BDC = (EDC (Property 4),

together they imply  (ABC = (DEC.

( (ABC and (DEC are similar triangles.

Hence AB : DE = AC : CD, ( AB / DE = AC / CD,

( AC ( DE = AB ( CD.

( AC ( DE + AC ( BE = AB ( CD + AD ( BC

( AC ( (DE + BE) = AB ( CD + AD ( BC

( AC ( BD = AB ( CD + AD ( BC.

Exercise

1.    
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Given PB bisects (APC, show that AB = BC.

2.                                     P
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Given PC is a tangent to the circle at C, show that (PBC = (PCA. Hence show that PC2 = PA ( PB.

3.    A spacecraft is 500 km above the moon’s surface. Assuming the radius of the moon is 1750 km, find the distance from the spacecraft to the  horizon. Hint: Use the result of Q2.
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Given AB is a diameter, CP is a tangent and 

CP = CB, show that PB = 3 (  PA.

Hint: Draw chord CA and radius OC.
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Given PB bisects (APC, PC is a diameter and QB is a tangent, show that (PQB is a right angle.

Hint: Draw radius OB and show OB parallel to PQ.
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Given O is the centre, and AC and BD are chords of the circle intersect at point P, show that 

(AOB + (COD = 2(APB.

Hint: Draw chord BC.
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Given O is the centre, and the extensions of chords AD and BC meet at point P, show that 

(AOB – (COD = 2(APB.

Hint: Draw chord BD.
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