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Q2aii  ( ) iiizz +=++−=+ 155252  

 

Q2aiii  
( )

i
ii

zz

zi

z

i

26

5

26

1

26

5
+−=

+
==  

 

Q2bi  i−− 3  is in the third quadrant. 
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Q2bii  ( )63 i−− 

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Q2c  21 ≤≤ z  is the region between two concentric circles of 

radii 1 and 2 and centred at O.   

30 ≤+≤ zz , 320 ≤≤ x , 5.10 ≤≤ x  is the region between 

vertical lines 0=x  and 5.1=x . 

 

 
 

Q2di  1sincos =+== θθ izOA  

12sin2cos2 =+== θθ izOB    

Since OACB  is a parallelogram,  .: 1== OABC  and 

1== OBAC . 

.: OACB  is a rhombus. 

 

Q2dii  θθθ =−=−=∠ 2argarg 2 zzAOB  

OACB  is a rhombus, .: OC bisects AOB∠ , .: 
2

θ
=∠COA  

.: ( )
2

3

2
arg

2 θθ
θ =+=+ zz   

 

Q2diii  Let AB intersects OC at D. OACB  is a rhombus, .: AD is 

a perpendicular bisector of OC.  

.: OAD∆  is a right-angled triangle. 

.: 
2

cos
θ

=OD , 
2

cos22
2 θ

===+ ODOCzz . 

 

Q2div  θθ 2coscosReRe 2 +=+ zz  

( )
2

3
cos

2
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2

3
cosRe

22 θθθ
=+=+ zzzz  

Since ( )22 ReReRe zzzz +=+ ,  

.: =+ θθ 2coscos
2

3
cos

2
cos2

θθ
 



 

2010 NSW BOS Mathematics Extension 2 Solutions                                                                                                                                  © Copyright 2010 itute.com 2 

Q3ai  ( )442 +=+= xxxxy  

 

 

Q3aii  
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Asymptotes: 0=x , 4−=x , 0=y  

 

 
 

Q3b   

   
22 xxy −= , yx −−= 11  
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Q3c  Let ( ) phead =Pr  and ( ) ptail −= 1Pr , given pp −> 1 , 

i.e. 5.0>p  

( ) ( ) ( ) ( ) 48.012PrPr11Pr =−=+=+ ppTHHTtailhead  

.: ( ) 24.01 =− pp , .: 6.0=p  

( ) 36.06.06.02Pr =×=heads  

 

Q3di  Gradient 
tctc

c
QA t
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+
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t

c
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t
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Q3dii  Gradient 
tctc

c
RA t

c 1
−=

−

−
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t

c
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Q3diii  Solve equations (1) and (2) simultaneously 

t

c
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2

t

c
cttx ++−=

2
, 

t

c
tx 22 = , 

2
t

c
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



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=

x

c
cy , .: 2cxy = . 

Since 0
2

>=
t

c
x , the locus is 2cxy = and +∈ Rx , i.e. the half of 

the given rectangular hyperbola in the first quadrant. 

 

 
 

Q4ai  1=+ yx   

Implicit differentiation: 0
2
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1
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dx
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Q4aii  1=+ yx  is defined for [ ]1,0∈x  and [ ]1,0∈y  

At 0=x , 1=y , −∞→
dx

dy
 

At 0=y , 1=x , 0=
dx

dy
 

dx

dy
 is negative for ( )1,0∈x  

                  x                     x−4                           

                                                x+2  

where 10 ≤≤ x  
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Q4bi  Resolving forces vertically:    

0sincos =−+ mgFN αα  ...... (1) 

Resolving forces horizontally:    

r

mv
FN

2

cossin =− αα  ...... (2) 

From (1), 
α

α

cos

sinFmg
N

−
=  ...... (3) 

Substitute (3) in (2), 
r
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F

Fmg
2
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=−





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α
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Simplify to αα cossin
2
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Q4bii  0cossin
2
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r
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mg , αtangrv =  

 

Q4c  Show 4≥k  if 
ba

k

ba +
=+

11
 for 

+
∈ Rba, . 

ba

k

ba +
=+

11
, .: ( ) kabba =+

2
 and 0>k  

Let nba =  where +∈ Rn .  

.: ( ) 22
knbbnb =+ , ( ) knn =+

2
1 , ( ) 0122 =+−+ nkn  

+∈ Rn exists when ( ) 042
2

≥−−=∆ k , .: 4≥k  if 0>k . 

 

Q4di  Select 4 from 12: 4954

12 =C  

 

Q4dii  There are 4

12C  ways to form the first group. For each of 

these there are 4

8C  ways to form the second group and one way 

to form the last group. The number of ways in this counting 

method is over counted by a factor of 3! because it takes into 

account the ordering of the groups. 

Hence the number of ways 5775
!3

4

8

4

12

=
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=
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Q5ai  ( )θθ sin,cos bbB  

 

Q5aii  ( )θθ sin,cos baP , θcosax = , θsinby =  

.: θcos=
a

x
 and θsin=

b

y
 

.: 1sincos
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Q5aiii  At ( )θθ sin,cos baP , θ
θ
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d

dx
−= , θ

θ
cosb

d
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Gradient of the tangent at P 
θ

θ

θ

θ

sin
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dx
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d
dx

d
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−===  

Equation of the tangent at P: 

( )θ
θ

θ
θ cos

sin

cos
sin ax

a

b
by −−=−  

( ) ( ) θθθθ 22 coscossinsin abxbabya +−=−  

( ) ( ) abyaxb =+ θθ sincos  ...... (1) 

 

Q5aiv  Change b to a in (1) to obtain the equation of the tangent 

to the circle at A: 

( ) ( ) 2sincos ayaxa =+ θθ ...... (2) 

Eliminate x from (1) and (2):  a(1)  �  b(2) 

( ) ( ) 0sinsin2 =− yabya θθ , .: ( ) 0sinsin2 =− yaba θθ  

Since ba > , .: 0sinsin2 ≠− θθ aba  and 0=y  

.: the two tangents intersect at a point on the x-axis. 
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Q5ci  ( )yay
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−= 1  is an inverted parabola and its horizontal 

axis intercepts are ( )0,0  and ( )0,1 . Its axis of symmetry is 

2
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=

+
=y . .: 

dx
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has its maximum value when 
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Q5cii  ( )yay
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Q5civ  As x increases from 0, the gradient of 
1
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increases to a maximum value at 
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=y  and then decreases,  

.: there is a point of inflection at 
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Q6ai  Place two sloping edges together: 

 

Two similar triangular solids: 
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Q6aii  At height x m, area of horizontal layer 

2s=
( ) 2








 −
−= x

h

ba
a m

2
  

Volume of frustum 
( )

dxx
h

ba
a

h 2

0

∫ 






 −
−=  

( )
( )

h

x
h

ba
a

ba

h

0

3

3 

















 −
−

−
−=  

( )
( )

( )
( )3333

33
ba

ba

h
ab

ba

h
−

−
=−

−
−=  

( )22

3
baba

h
++=  m

3
  

 

Q6b  212 −− += nnn aaa , 2≥n , 210 == aa  

( ) ( )nn

na 2121 −++=  is true when 0=n  because 

( ) ( ) 22121
00

0 =−++=a  

It is also true when 1=n  because ( ) ( ) 22121
11

1 =−++=a  

Assuming that it is true when 1−= kn  and 2−= kn , where 

2≥k , then 212 −− += kkk aaa  

( ) ( ) ( ) ( ) 2211

2121212212
−−−−

−+++−++=
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( ) ( ) ( ) ( ) 2121

2121221212
−−−−

−+−++++=
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( ) ( ) ( ) ( )223
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−

−
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+
=
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( ) ( )kk

2121 −++=  

.: it is also true for kn =  

.: it is true for all 0≥n  

 

Q6ci  

( ) ( ) ( )23455
sincos10sincos5cossincos θθθθθθθ iii ++=+  

( ) ( ) ( )5432 sinsincos5sincos10 θθθθθ iii +++  

θθθθθ 2345 sincos10sincos5cos −+= i

θθθθθ 5432 sinsincos5sincos10 ii ++−  

( )θθθθθ 4235 sincos5sincos10cos +−=  

( )θθθθθ 5324 sinsincos10sincos5 +−+ i  

 

Q6cii  ( ) θθθθ 5sin5cossincos
5

ii +=+  

.: θθθθθθ 5324 sinsincos10sincos55sin +−=  

( ) ( ) θθθθθ 53222 sinsinsin110sinsin15 +−−−=  

( ) ( ) θθθθθθ 53242 sinsinsin110sinsinsin215 +−−+−=  

θθθ sin5sin20sin16 35 +−=  
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Q6ciii  θθθθ 5sinsin5sin20sin16 35 =+−       Let 
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π
θ = , 
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
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
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
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sin5
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=−



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
+





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





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
−















 πππ
 

.: 







=

10
sin

π
x  is one of the solutions to 0152016 35 =−+− xxx  

 

Q6civ ( )( )1161152016 23435 ++++−=−+− dxcxbxxxxxx  

.: 20−=+− cb , 0=+− dc  and 51 =+−d  

.: 4−=d , 4−=c  and 16=b  

.: ( ) 1441616 234 +−−+= xxxxxp  

 

Q6cv  ( ) 1441616 234 +−−+= xxxxxp ( )22 14 −+= axx  

Compare the coefficients of x:  42 −=− a , 2=a  

 

Q6cvi  ( )( ) 01241152016
2235 =−+−=−+− xxxxxx  

Since 01
10

sin1 ≠−







=−

π
x , .: 0124 2 =−+ xx  

.: 







=

10
sin

π
x

4

51

8

1642 +−
=

++−
=  (first quadrant) 

 

Q7ai  ACDABD ∠=∠  (angles subtended on the circumference 

by the same arc are equal) 

CDBADK ∠=∠  (given) 

.: CDBKDBKDBADK ∠+∠=∠+∠  

.: KDCADB ∠=∠  

.: KDCADB ∆∆ ,  are similar 

 

Q7aii  KDCADB ∆∆ ,  are similar  

.: 
AB

KC

BD

DC
= , .: DCABKCBD ×=×  ...... (1) 

BDCADK ∆∆ ,  are similar  

.: 
BC

AK

BD

AD
= , .: BCADAKBD ×=×  ...... (2) 

Add (1) and (2):  

DCABBCADKCBDAKBD ×+×=×+×  

( ) DCABBCADKCAKBD ×+×=+×  

.: DCABBCADACBD ×+×=×  

 

Q7aiii                                      A 

   

                                    1                          1 

 

                                          x         x               D 

 

                                                   x             1 

 

                                    B           1           C 

Since DCABBCADACBD ×+×=×   

.: xx += 12  where 0>x , 012 =−− xx  

2

51

2

411 +
=

++
=x  

 

Q7b  132 −≥ xx  for 3≥x  

 

 
 

Q7ci  ( ) ( ) 11 1 +−−= −nn nxxnxP , ,......7,5,3=n  

Let ( ) ( ) ( ) 011 21 =−−−=′ −− nn xnnxnnxP  

.: ( ) ( ) ( ) 011 2 =−−=′ − xxnnxP n  

.: 0=x  or 1=x  

.: ( )xP  has exactly two stationary points. 

 

Q7cii  ( ) 0111 =+−−= nnP  and ( )0,1  is a stationary point, 

.: ( )xP  has a double zero at 1=x  

 

Q7ciii  ( )xP  is an odd-degree polynomial with 2 turning points 

and a double zero at 1=x , .: it has exactly one real zero other 

than 1. 

The graph of ( )xP  is shown below: 
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Q7civ  ( ) ( ) 11 1 +−−= −nn nxxnxP , ,......7,5,3=n  

For 3=n :  

( ) 132 23 +−= xxxP ( ) ( )121
2

+−= xx ,  .: 
2

1
−=α  

For 3>n : 

( ) ( )( ) ( ) 0221111111
1

<−=+−+−=+−−−−=−
−

nnnnnP
nn

  

( ) 1
22

1
1

2

1

2

1
1

2

1
1

1

+−
−

−=+







−−








−−=








−

−

−

nn

nn
nn

nnP  

1
2

13
1

2

21
+

−
−=+

−+−
=

nn

nnn
 

From part b, for 3>n , 132 −> nn , .: 
n

n

2

13
1

−
> , .: 0

2

1
>








−P  

.: ( )xP  has an x-intercept in 







−−

2

1
,1 .  

Hence 
2

1
1 −≤<− α . 

 

Q7cv  154 45 +− xx  is in the form ( ) ( ) 11 1 +−−= −nn nxxnxP . 

It has a real zero α  between 1−  and 
2

1
− , and a double zero 1. 

Each of these zeros has modulus 1≤ . The polynomial is of 

degree 5 with real coefficients, .: it also has a pair of complex 

zeros which are conjugates, they are iba +  and iba − . 

Product of the zeros: ( )( )
4

1
1

2
−=−+×× ibaibaα  

.: 
α4

122
−=+ ba  

Since 
2

1
1 −≤<− α , 244 −≤<− α , 442 <−≤ α , 

2

1

4

1

4

1
≤−<

α
,  .: 

2

1

4

1 22
≤+< ba , 

2

1

2

1 22 ≤+< ba , 

.: 
2

1

2

1
≤±< iba  

Hence each of the zeros of 154 45 +− xx  has modulus 1≤ . 

 

 

 

 

 

Q8a  Apply the reduction formula 

∫∫
−− −

+= xdx
n

n
xx

n
xdx

nnn 21
cos

1
sincos

1
cos  to nA  

∫=
2

0

2cos

π

xdxA n

n ∫
−− −

+







=

22

0

22

0

12 cos
2

12
sincos

2

1
ππ

xdx
n

n
xx

n

nn  

1
2

12
−

−
= nA

n

n
 

.: 1
2

12
−

−
= nn A

n
nA  for 1≥n  

 

 

OR integration by parts on nA :   







−=∫ ∫ dx

dx

du
vuvdx

dx

dv
u  

Let xu n 12cos −= , ( ) xxn
dx

du n 22
cossin12

−
−−=  

Let x
dx

dv
cos= , xv sin=  

∫=
2

0

2cos

π

xdxA n

n

[ ] ( )( )∫
−− −−−=

2

2

0

22

0

12 cossin12sincossin

π

π

dxxxnxxx nn  

( ) ( )∫
−−−=

2

0

222 coscos112

π

xdxxn n  

( ) ( )∫∫ −−−= −
22

0

2

0

22 cos12cos12

ππ

xdxnxdxn nn  

.: ( ) ( ) nnn AnAnA 1212 1 −−−= − , .: 1
2

12
−

−
= nn A

n
nA  for 1≥n . 

Q8b  Integration by parts on ∫=
2

0

2cos

π

xdxA n

n : 

Let xu n2cos= , xxn
dx

du n 12
cossin2

−
−=  

Let 1=
dx

dv
, xv =  

∫=
2

0

2cos

π

xdxA n

n [ ] ( )∫
−−−=

2

2

0

12

0

2 cossin2cos

π

π

dxxxnxxx nn  

∫
−=

2

0

12cossin2

π

xdxxxn n  

Q8c  Let x
dx

dv
= , 

2

2
x

v =  

Let xxu n 12cossin −= , 

( ) ( )xxnxxx
dx

du nn
sincos12sincoscos

2212
−−+=

−−
 

( )( ) xxnx nn 2222 coscos112cos −−−−=  

( ) ( ) xnxnx nnn 2222 cos12cos12cos −+−−= −  

( ) xnxn nn 222 cos12cos2 −−−=  

.: ∫
−=

2

0

12cossin2

π

xdxxxnA n

n  

( )( )∫
−− −−−








=

22

0

222
2

0

12
2

cos12cos2
2

2cossin
2

2

ππ

dxxnxn
x

nxx
x

n nnn

( ) ∫∫ −−= −
22

0

222

0

222 cos2cos12

ππ

xdxxnxdxxnn nn  

.: ( ) nnn BnBnnA 2

1 212 −−= −      .: 
( )

nn
n BB

n

n

n

A
2

12
12

−
−

= −  
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Q8d  From part c:   

( )
nn

n BB
n

n

n

A
2

12
12

−
−

= − ,  .: 
( )

n

n

n

n

A

B

A

B

n

n

n
2

121 1

2
−

−
= −  ...... (1) 

From part a: 
( )

1
2

12
−

−
= nn A

n
nA ,  .: 

( )

nn nA

n

A

122

1

−
=

−

 ...... (2) 

Substitute (2) in (1):   







−=

−

−

n

n

n

n

A

B

A

B

n 1

1

2
2

1
 for 1≥n  

 

Q8e  











−++










−+








−+










−=

−

−

=

∑
n

n

n

n
n

k
A

B

A

B

A

B

A

B

A

B

A

B

A

B

A

B

k 1

1

3

3

2

2

2

2

1

1

1

1

0

0

1
2

2...222
1

 









−=

n

n

A

B

A

B

0

02   

where [ ]
2

2

2

0

0

0

ππ

π

=== ∫ xdxA  and 
243

3

0

3

0

2

0

22 π
ππ

=







== ∫

x
dxxB  

.: 
n

n

n

n

n

n
n

k A

B

A

B

A

B

A

B

A

B

k
2

6
222

1 2

0

0

0

0

1
2

−=−=







−=∑

=

π
 

 

Q8f  
π

x
x

2
sin ≥ , 

2

2
22 4

cos1sin
π

x
xx ≥−=   

.: 
2

2
2 4

1cos
π

x
x −≤ , .: 

n

n x
x 








−≤

2

2
2 4

1cos
π

 for 
2

0
π

≤≤ x  

Hence ∫∫ 







−≤=

22

0

2

2
2

0

22 4
1cos

ππ

π
dx

x
xxdxxB

n

n

n  

 

Q8g  Integration by parts: 

Let xu =  and 

n

x
x

dx

dv








−=

2

24
1

π
 

.: 1=
dx

du
 and 

( )

1

2

222

2

2 4
1

188

4
1

+









−

+
−=

−
=








−= ∫ ∫

n
n

n

x

n
dp

p
dx

x
xv

π

ππ

π
 

where 
2

2
4

1
π

x
p −= . 

 

( ) ( )∫

∫

++









−

+
−−























−

+
−=









−

2
2

2

0

1

2

22

0

1

2

22

0

2

2
2

4
1

18

4
1

18

4
1

π
π

π

π

π

π

π

π

dx
x

n

x
x

n

dx
x

x

nn

n

 

( ) ∫
+









−

+
=

2

0

1

2

22 4
1

18

π

π

π
dx

x

n

n

 

 

 

Q8h  Let tx sin
2

π
= . 

( ) ∫
+









−

+

2

0

1

2

22 4
1

18

π

π

π
dx

x

n

n

( )
( )∫

+
−

+
=

2

0

12
2

cos
2

sin1
18

π

ππ
tdtt

n

n
 

( )
( )

( ) ∫∫
++

+
=

+
=

22

0

32
3

0

12
3

cos
116

coscos
116

ππ

ππ
tdt

n
tdtt

n

nn
 

.: 
( ) ∫

+

+
≤

2

0

32
3

cos
116

π

π
tdt

n
B n

n  from parts (f) and (g). 

For 
2

0
π

≤≤ t , 1cos0 3 ≤≤ t  

.: 
( ) ( ) ∫∫ +

≤
+

≤ +
22

0

2
3

0

32
3

cos
116

cos
116

ππ

ππ
tdt

n
tdt

n
B nn

n  

.: 
( ) ( ) n

n

n A
n

tdt
n

B
116

cos
116

3

0

32
3 2

+
≤

+
≤ ∫

+ ππ
π

 

 

Q8i  Note that 0>nA  and 0>nB  

From part (h), 
( )18

2
3

+
≤

nA

B

n

n π
  

From part (e), ∑
=

=−
n

kn

n

kA

B

1
2

2
1

2
6

π
 

.: 
( ) 6

1

186

2

1
2

32 πππ
<≤

+
− ∑

=

n

k kn
 

 

Q8j  The value of ∑
=

n

k k1
2

1
 lies between 

( )186

32

+
−

n

ππ
 and 

6

2π
. 

As ∞→n ,  
( )

0
18

3

→
+n

π
, 

6

1
2

1
2

π
→∑

=

n

k k
 

.: 
6

1
lim

2

1
2

π
=∑

=
∞→

n

k
n k
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