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Qla Let u=1+3x%, lﬂ=x
6 dx
j al :Zx=.[ ! dudx j 1ldu
\/1+3)c2 ’ dx 6u?

Z%u%+c=%\/l+3x2 +c

Ql1b Let u =cosx, —ﬂ=sinx

X
z z z L
4 4 4 V2
jtanxdx J.Slnxdx—j—lﬂd j—ld%
0 o COSX o udx LU
[inu]? =1n\/_=%1n2
Qlc J' ;(mdx j(i = +1jdx [Partial fractions]
:1n|x|—lln(x2+1)+c:1n x +c
2 X +1

Qld tztan%,?zlse02§:%(1+tan 2) 2£—1—i—1‘2

x 2 dx
2tan5 2t . 2t
tan x = 3 7> SInx= 5 s
I-tan” 5 1-¢ 1+1
2
Lesing=tg—2 2 (L+1)
1+¢ 1+¢

JZIi dx ](1+t )dx 2 ﬁd
0

L+sinx g (1+1) j(1+t) dx

Ole Let u=vx. u=x. L oo, 2Py
du dx

2udu =

2u—dx j

1
Fartad frvn

zzj[l—li jdu=2u—21n(1+u)+c=2\/;—21n(1+\/;)+c
u

Q2ai 7’ =(5-i) =25-10i+i* =24—-10i
Q2aii z+27=5-i+2(5+i)=15+i
iz i5+i) 1

Qaiii +=-= e
z Z 26 26 26
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Q2bi —+/3 —i is in the third quadrant.
=yAB) + (=17 =2, Hztan_l(_—lJ:—S—”
V3 +) —

6
— \/E —i = ZCis[— S_ﬂ'j
6
Q2bii (— JE — i)6 =2 cis(—s?ﬂx 6] =64cist =—64€ R

Q2 1< |Z| <2 is the region between two concentric circles of

radii 1 and 2 and centred at O.
0<z+7<3,0<2x<3, 0<x<1.5 is the region between
vertical lines x=0 and x=1.5.

apintz)

N
W
T

Q2di OA=|z|=|cos@+isin 6] =1
=|e| =[cos 26 +isin 26| =1
Since OACB is a parallelogram, 2BC=0A=1 and

AC=0B=1.
.. OACB is a rhombus.

Q2dii ZAOB=argz’ —argz=20-0=6

6

OACB is arhombus, .: OC bisects ZAOB, .. ZCOA = E

6 _36

. arg(z+z ) t9+ -

Q2diii Let AB intersects OC at D. OACB is a thombus, .: AD is
a perpendicular bisector of OC.
.2 AOAD is aright-angled triangle.

. %:cosg, |z+zz|=%=20_D:2cos§.

Q2div Rez+Rez” =cosf+cos26

Re(z+zz)=|z+zz|cos£:ZCosgcosﬁ
2 2 2

Since Rez+Rez’ =Re(z+zz),

.. cos@+cos280 = ZCosgcos?
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Q3ai y=x>+4x=x(x+4) Q3c Let Pr(head)= p and Pr(tail)=1—p ,given p>1—p,
ie. p>0.5

. Pr(lhead +1tail) = Pr(HT )+ Pr(TH )= 2p(1- p) = 0.48

s pll=p)=024,.: p=06

Pr(2heads)=0.6x0.6 = 0.36

. . c+t 1 .
3 Q3di Gradient QA =———=—, .: gradient /¢, =—t
ct+ct t
£, is y—£=—t(x—ct),i.e. y=—tx+cz‘2+£ ...... D
t t

(-2,-4)

B Q3dii Gradient RA = 2 ————1 , .. gradient ¢, =t
g 2
c—ct t

1 1
= . C . C
2 +4x x(x+4) 0, is y+7=t(x+ct),1.e. y=tx+ct2—? ...... 2)
Asymptotes: x=0, x=-4, y=0

Q3aii y=

Q3diii Solve equations (1) and (2) simultaneously

c c c c
e tx+ct2——=—tx+ct2+—,2tx=2—,x=—2, yzcz‘2
t t t t

"5 EJ/q - DDK% ) > . C C
210 Q3div X=—, y:ctz,.: y=cl—|, . xy:cz.
_ t X
. c .

4 Since x=— >0, the locus is xy = c’*and xe R",i.e. the half of
t

Hence P is the point ( ,ct j
?

,6 the given rectangular hyperbola in the first quadrant.
Q3b
4y |
|
[
1.5 |
I o
| 0
Ly
[
|
0.5 |
|
|
U 2 : : R Qaai Ax+4y =1
I
< 4—x Implicit differentiation: ! +—ﬂ 0, . & =— \/z
Z+x Jx 2\/_ dx dx x
where 0<x<1
y=2x—x%, x=l-yf1—y Q4aii /x +4/y =1 is defined for xe [0,1] and ye[0,1]
1 1 _ _ dy
V= j(fr(4—x)2 2+ x Jay =127 [ (1—-x)dy At x=0, y=I, ==
0 0

‘ 21-y)t | Aty:o’le’%zo
=127 I-ydy =122 - =20 | =38z o
0 3 0 T is negative for xe (0,1)
X
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Qdaiii

Q4bi Resolving forces vertically:
Ncosa+ Fsina—mg=0 .. H

Resolving forces horizontally:
2

Nsina—Fcosa="2— ... 2)
r
From (1), N = M8=fsmna 4
cosx

mg — Fsina

Substitute (3) in (2), (
osa

. my
js1n0{—Fcosa=
-

2

Simplify to F =mgsina — ™ cosa

r

2

Y
cosa=0, v=,/grtanx

Q4bii mg sina -2

Q4c Show k >4 if l+l= for a,be R*.
a b a+

l+1=L,.: (a+b) =kab and k >0

a b a+b

Let a=nb where ne R*.
2 (nb+b) =knb*, (n+1) =kn, n* +2—k)n+1=0
ne R*exists when A=(2—k) =420, .: k=4 if k>0.
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2

Q4di Select 4 from 12: °C, = 495

Q4dii There are °C, ways to form the first group. For each of

these there are *C, ways to form the second group and one way

to form the last group. The number of ways in this counting
method is over counted by a factor of 3! because it takes into
account the ordering of the groups.

12C4XSC

Hence the number of ways = 3 4 =5775

Q5ai B(bcos8,bsin )

Q5aii P(acos&,bsin&), x=acos@, y=bsin8

. £=cos0 and l=sin0
a b
x2 2

: —2+y—2200320+sin219:1
a b

Q5aiii At P(acosﬁ,bsin 9), ﬂ:—asint9, ﬂ:bcost9
dé de

Gradient of the tangent at P = % _ao __beosO
x

. .
- asin @

Equation of the tangent at P:
bcos @

asin@
(asin @)y —absin® 8 = —(b cos €)x+ abcos’ @
(b cos 0)x+ (a sin 0)y =ab ... (1)

y—bsinf=— (x—acos&)

Q5aiv Change b to a in (1) to obtain the equation of the tangent
to the circle at A:

(acos €)x+ (asin@)y=a’ ... 2)

Eliminate x from (1) and (2): a(1) [ b(2)

(az sin H)y - (absin 0)y=0, . (a2 sin @ — absin H)y =0
Since a>b,.: a*sin@—absin@#0 and y=0

.. the two tangents intersect at a point on the x-axis.

L ey — (-
Q5b jy(l_y)—j[y+1_y]dy Iny-In(l-y)+c

=ln( Y j+c where 0< y <1
I-y

. d . . . .
Q5ci d_y = ay(l - y) is an inverted parabola and its horizontal
X

axis intercepts are (0,0) and (1,0). Its axis of symmetry is
0+1 1

y —.. L has its maximum value when y = 1 .
2 2 dx 2
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Q5cii ﬂ=ay( -y), ﬂ=;’ x=le
dx dy ay(l-y)" " a’?y(1-y)
sax=In| 2 |+c, L=, y=(-y)",
1-y I-y
: . e 1
1+elL’C—( eux—(, s — -
( )y 1 + eal*(.‘ e*H.X‘FC + 1
Ly= where k =e°
Y ke™
1
Sciii Given y(0)=0.1, =——=0.1,.: k=9
Q ¥(0) Y=
Q5civ As x increases from 0, the gradient of y = _;
ke™ +1

. . 1
increases to a maximum value at y = 7 and then decreases,

. . . . 1
. there is a point of inflection at y = PR
1
Q5cv y=—o ,x20
9¢™ +1
1.4‘?/
1.2
________ 1
0.8
0.6
(2.18,0.5)
0.4
0.2
”/D (0,0.1)
&) 4 = 2 o 2 4 &)
0.2
-0.4

Two similar triangular solids: s=b = h=x =1—£,
a-b h h
. s—bza—b—M , §= (a;b)x
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Q6aii At height x m, area of horizontal layer

h (a _ b) 2
Volume of frustum = I(a - —x] dx
0

n
B {_ 3(ah— b)(a L ;b) xﬂ

h
3a-b

:ﬁ( 2+ab+b2) m’

~—

Q6b a,=2a,,+a,,, n22,a,=a, =2
a, :(1+\/5y+(1—\/5y is true when n =0 because
a, =(1+\/§)0+(1—\/5)u =2

It is also true when n =1 because a, :(1+\/§)‘ +(1—\/E)I =2

Assuming that it is true when n=k—1 and n=k —2, where
k=2,then a, =2a, ,+a,_,

S FING) [Ny [ Ny [N
otz 42 T2 z) - 42)
= (2] 7Rl +v2)+ 1)+ (1-v2) Rl -v2)+1)

:%(“M)*%@—zﬁ)
=(1+x/E)K+(1—\/§)k

. it is also true for n =k
.oitis true forall n>0

6¢i
((zcos 0 +isin@) =cos’ 6+ 5cos* O(isin 8)+10cos’® H(isin )
+10cos® 6(isin 8)’ +5cosB(isin 8)" + (isin &)
=cos’ @+i5cos* @sin @ —10cos’ #sin* &
—il0cos” @sin’ @ +5cosPsin’ O +isin’ @
= (cos5 6—10cos’ Bsin’® @ +5cosHsin* 0)

+ i(5 cos* @sin @ —10cos® @sin® 6 + sin® 0)

Q6cii (cos@+isin@) = cos 56 +isin 56

. sin50 =5cos* @sin @ —10cos* Osin’ & +sin’
=5(1—sin” &) sin#—10(1—sin> @)sin® @ +sin® @
=5(1—2sin® @+ sin* 8)sin 6 —10(1 —sin &)sin® §+ sin" @
=16sin> @ —20sin’ @+ 5sin @
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Q6ciii 16sin® @ —20sin’® @+ 5sin @ = sin 50 Let 0:%,
5 3
16| sin| == || =20 sin| = || +5sin| = | = sin| =
10 10 10 2
5 3
216 sin] Z || =20] sin| Z || +5sin| Z |-1=0
10 10 10

Lox= sin(%j is one of the solutions to 16x° —20x* +5x—1=0

Q6civ 16x° —20x +5x — 1= (x —1)16x* + bx® + cx” + dx +1)
o =b+c=-20, —c+d =0 and —-d +1=5
od=—4,c=-4 and b=16

o plx)=16x" +16x° —4x* —4x+1

Q6ev p(x)=16x* +16x° —4x* —dx+1 = [4x* + ax—1
Compare the coefficients of x: —2a=—4, a=2
Q6evi 16x° —20x° +5x 1= (x —1)4x® +2x—1f =0

Since x—1=sin[%]—1¢o, S Ax +2x-1=0

[7[] 2444116 —1+4/5
.. X=S8SIn = 4

— g > (first quadrant)

Q7ai LABD = ZACD (angles subtended on the circumference
by the same arc are equal)

ZADK = ZCDB (given)

.. ZADK + ZKDB = ZKDB + ZCDB

.. ZADB = ZKDC

.. AADB,AKDC are similar

Q7aii AADB,AKDC are similar

. EZE,.: BDXKC =ABXxDC ...... (D
BD AB

AADK,ABDC are similar

. Qzﬁ,.: BDXxAK =ADXBC ...... 2)
BD BC

Add (1) and (2):

BDXxAK +BDXxKC =ADXxBC+ ABxDC
BDx(AK + KC)= ADxBC + ABx DC
.. BDXAC = ADXBC + ABx DC

Q7aiii
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Since BDX AC = ADXBC+ ABxDC

o x?=14+x where x>0, x>’—x—1=0

x_1+\/1+4 _ 1+4/5

2 2

Q7b 2" >3x—1 for x>3

Q7ci P(x) = (n - 1)x" —nx" +1, n=357,......
Let P(x)=n(n-1)x""—n(n-1)x"?=0

2 Px)=nn-1)x"2(x-1)=0

2 x=0or x=1

. P(x) has exactly two stationary points.

Q7cii P(l) =n—1-n+1=0 and (1,0) is a stationary point,

. P(x) has a double zero at x =1

Q7ciii P(x) is an odd-degree polynomial with 2 turning points
and a double zero at x =1, .: it has exactly one real zero other
than 1. /

The graph of P(x) is shown below: /
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Q7civ P(x)=(n—1)x" —nx"" +1, n=3,57,......
For n=3:

P(x)=2x" -3x" +1 = (x=1)(2x+1), .. a=——

For n>3:
P(1)=(n-1)-1)"=n(=1)""+1=—n+1-n+1=2-2n<0

n n-1
-t =L o[- L] 4122l 2y
2 2 2 2" 2"
-n+1-2n

= T =
2" 2"

From part b, for n >3, 2" >3n—-1, .. 1>ﬂ, .:P(—lj>0
. . 1
. P(x) has an x-intercept in —1,—5 .

Hence —1<a’£—%.

Q7cv 4x’ —5x* +1 isin the form P(x)=(n—1)x" —nx"" +1.
It has a real zero & between —1 and —% , and a double zero 1.

Each of these zeros has modulus <1. The polynomial is of
degree 5 with real coefficients, .: it also has a pair of complex
zeros which are conjugates, they are a+ib and a—ib.

Product of the zeros: arx1* X (a + ib)(a — ib) = —i

cat+b’ =—i
h 4o

Since—l<a£—%,—4<4a£—2,2S—4a<4,

1 1 1 1, L, 11 > 2 1
—<——=<—, i —<a +b" -, —<Va +b" <—,
4 4o 27 7 4 272 2
.:l<|ai‘ib|sL
2

72

Hence each of the zeros of 4x° —5x* +1 has modulus <1.

Q8a Apply the reduction formula
n—1

1 _ .
jcos” xdx =—cos"™" xsin x+

J‘cos"_2 xdx to A,
n n

V4

z z z
7 1 |7 2n-17F _

A = jcosQ” xdx = [— cos™ ' xsinx| + J'cosz" * xdx
0 0 0

n n
_ 2n—1 A
2n
nd =24 for nx1

2010 NSW BOS Mathematics Extension 2 Solutions

OR integration by parts on A, : J‘uﬂdx =uy— J‘vﬂdx
dx dx

2~ _(2n-1)sin xcos™ 2 x
x

Let u=cos*!'x,

dv .
Let —=cosx, v=sinx
dx

n

A = J‘cosz’1 xdx
0

T
= [sin xcos™! x]o7 — | sin x(— (2n—1)sin xcos>"2 x)dx

oty

o

2 2n-2

= (2n - 1) (1 —cos x)cos xdx

—

N ©
s

=(2n—1)| cos™? xdx — (2n —1) cos*" xdx

O ey
S C—yt

<A, =(2”_1)An71 _(2”—1)An, 2 nA =E

n

A, for n>1.

Q8b Integration by parts on A, = jCOSQn xdx :
0

du . _
Let u=cos* x, o= —2nsin xcos™ ! x
X

Let — =1, v=x
dx

z z
2, 2,
_ 2n _ 2n ;2! : 2n-1
A, =|cos™ xdx =|xcos™ x|; — | x\-2nsinxcos™" x Jdx
0 0

N

2n-1

2
= ZnI xsin xcos™ xdx
0

2
X

dv
8¢ Let —=x, v=—o
Q dx 2

Let u =sin xcos® " x,

du _ . - .

— =cosxcos”" x+sin x(2n—1)cos*? x(- sin x)
dx

=cos™ x—(2n— 1)(1 —cos’ x)cosz"_2 X

2n-2

=cos® x—(2n—1)cos® 2 x + (2n—1)cos>" x

=2ncos” x—(2n—1)cos® > x

2n-1

T
2

LA :2n.[xsinxcos xdx
0

2 2 % 2
= Zn[% sin xcos™"”"' x} - ZnI% (2n cos” x—(2n—1)cos* 2 x
0

H H
=n(2n— l)j x* cos™" xdx — 2}12.[)c2 cos™ xdx
0 0
2 A =n(2n—1)B,_, —2n°B, 2w (20-1) B, -2B,
n n
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Q8d From part c:

A—;=M3n_l 2B, L= @n-1)B. ,B,
n n n n A, A
From part a: nA, = (2n - 1) A, 2 = (2n -1 2)
2 A, nA,
. . 1 B,
Substitute (2) in (1): — =2 A" ——2 | for n>1
n—1 n

. 2x . x?
Q8f sinx>—, s1n2x:1—0052x2—2
V.4

T

4x* 4x* T
. coszxﬁl——Q,.: cos™ x < I——5| for 0<x<—

T V.4 2

z

% 2 4 2\"
Hence B, = Ixz cos? xdx < Ixz(l —iz] dx
T
0 0

Q8g Integration by parts:

2 n
Let u =x and ﬂ=x[l—4i2j
d T

X

. ﬂ:1 and
dx

4x* ) -’p" z° 4x’ "
=|x1-—| dx= dp=- 1-—-
' jx[ zz) == 8(n+1)[ ;zzj

4x*
where p=1-—-.
V4
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Q8h Let x:%sint.

P 7 A2 nH P 2 .

- X = —smn-t) -—costdt

I(l ﬂzjd I(l 'zrz ¢
0

_ 7’ 2 2y _ 7’ 2 2043
_M}[(COS t) costdt —m}[cos tdt

72.3
16(n+1)

V1
For 0<t<=,0<cos’r<1

2B, < j‘cosz'”'3 tdt from parts (f) and (g).
0

\S]

3

%
cos? 1dr < E—jcosz" tdt
16(n+1)3

3
w3 g o T

B <—F—— <S———A4
"7 16(n+1) 16(n+1)" "

Q8i Note that A, >0 and B, >0

3

From part (h), 2 B, < il
A, "~ 8(n+1)
2
.4 B 1
From part (¢), — —-2—2%=» —
part (@), <= =22 =305

2 3 n

T /4 1
<Y <2
6 8(n+1) Zk2< 6

k=1

2

n 2 3 2
Q8j The value of Ziz lies between ~———2 and 2.
~k 6 8(n+1) 6
3 n 2
As n— oo, ”——)O, Z%—)”—
8(n+1) Kk 6

Please inform mathline @itute.com re conceptual,
mathematical and/or typing errors.

© Copyright 2010 itute.com

7



