2023 NSW ESA Mathematics Extension 2 Solutions

© itute 2023

Section I
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Q5 Consider choice A: equating the components, 3+ u=-1-4,
1-u=5+1 and —10-3x =2+ 31 are consistent

Q6 In each of A, C and D, both circular functions have the same
period .: they describe SHMs

Q7

Q8 Interpret |z—1| and |z—i| as distances of z from land i

respectively, any z in the shaded region satisfy choice D.

Q9 See diagram below: 7,V ,a satisfy the description of the motion.

Q10 Choice B: B
All three vectors have the same length r, radius of the sphere.

The three conditions are r*cosa =1, r*cos #=2 and r*cosy =3
1 2 3

“cosa cosf cosy

There exist &, 5,y satisfying the conditions.

For example when cosa =0.1, cos f=0.2 and cosy=0.3, and

r=+10

Section II

34v-7 _3, .47

3
la z=>2¥=T 54,
Qlla 2z 2 27 '

Ql1b Gb =abcosh, 1=T6cos6, @ ~87°

Qllc BA=-37 -7 +2k
F=2f 43k +Al3T = F+2k) . F=-34T + (2= )] + (3+24)k

Q11d ABCD and ABEF are parallelograms.
: AB/IDC and AB=DC, AB//FE and AB=FE
. DC//FE and DC =FE .: CDFEisa parallelogram

Qlle Period = 277[ and centre x =4

22 3
Qlif J.Om+;dx=[21n|x+1|+31n|x—3|12)=—ln3
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Ql2a Assume \/2_ :% where a,b are integers.

. \/2_3b:a is an integer. But \/E<\/2_3<\/g i.e.4<\/2_3<5

.. /23 is not an integer because there is no integer between 4 and 5

.. 423 b cannot be an integer. The assumption led to a contradiction.

: \/g cannot be rational.

QI2b 0<(r—y), 2y <4y’ =2 <1 14-22 <
X +y X +y

lary)

: <2
x+y?

Ql2ci F= —(mgsin8)i + (R —mg cos8)]
Since there is zero acceleration in the ; direction .: R —mgcos@ =0

s F= —(mg sin )i

QI2cii d=—=-gsin@i

3 |

V= .[det =—gtsin@i +& =—gtsin@i since the object is initially at

rest.

5 ), 1 lzkﬂ%
Ql12d Let R T e L z=2ées( )

_3z;
i

Let £k =-1,0,1 to obtain z, = Z%e ,2, = Z%e !
respectively

Q12ei Real coefficient, complex conjugate 2 —i is also a zero.
Ql2eii P(z)=z* -3z +cz* +dz—30

Let & and S be the other two zeros.

a+pB+2-i)+(2+i)=3 and oB(2-i)2+i)=-30

Solve to find the other zeros to be —3 and 2.

—x —4-2x

1 3 1
Q13a dx = dxt— | —=——4a
e e T ek
=3Sinl(i3x]+\/5—4x—x2+c

QI13bi Given k>3 .. k=320 and k+1>0
2 (k=3)k+1)20ie k*=2k-320

Q13bii Prove 2" >n* -2 for all integers n >3 by induction.
For n=3, 827 is true

For n =k, assume 2" >k* -2 to prove that 2" > (k +1)’ 2.
Proof: 2 =2x2* > Z(k2 —2) (see assumption)
2k>-2)=k> +k>—4>k>+(2k +3)-4 (from part i)

k> +(2k+3)-4=(k+1) -2

228 > (k +1) =2 is true.

Hence 2" >n° —2 for all integers n>3.
v(0 40cos30°

Q13ci #(0)= )f( ). o8V _ 2073
y(O) 40sin 30° 20
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Q13cii a=[ﬂ=( ~ J
y —-10-4y

B 4 ana Do 0-4y, d—?‘=—4jdt, _[ il =—4Id:,
dt dt X S+
#(0)=204/3 and 7(0)=20
X S+
2 In =-4¢ and In-2 =—4¢
203 &
20337
Hence &=20v3¢™, y:ﬁe"“—% and ¥(r)=| 45 , 5
2¢ 72
T 4t . 45 4, 5
Q13ciii x:20\/§e and x(O)zO; y=7e _E and y(0)=0

: x=20\/§je*“dt=5\/§(1—e*”),
y=J[4—25€4[—%}12%(1—641)_31': F(I)Z E(I
8

Q13civ Range, when %(1 —e )—%t =0,iel-e¥=—

From the given graph, it occurs when 1—e™ =1 and
xX= 5\/5(1 —e™ ): 543 =8.7 .: the horizontal range =8.7m

Q1l4ai z:e%:cos£+isin£:£+il, w:ei}%:—L+iL
6 6 2 2 J2 W2
V3o .(1 1
ZHw=|——— |+i| —+—
(2 V2 2 2
2
» (B 1 1) _4-ve+2
o+ =| -4 | +|z+—| =——+
2 2 2 2 2
Ql4aii OACB is arhombus with OA=0B =1 and
oc 2A=o 2.
2
sa0c =L saop =137 _7)_1%
2 204 6 24
Q14aiii Cosine rule:
cos E_OC* +0A* - AC* _ OC*+0A’-0B* _OC
24 2.0A.0C 2.0A.0C 2
_l\/4—\/€+\/5 _V8-2/6+242
2 2 4
Q14b Period 87, x, :4cosi and x, :4cost_2ﬂ- :4sin£

where t > 27

.. t L t Srx
Collision: x, = x,, COSZ = s1nZ , first occurs when e t=5x

at x =4COSSTE =-2\2
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Qldci a=L=_(g+0?),
m

x=—2—1kln(g+k\’2)+c and x=0, v=y,

2
. cziln(g+kvo2) s x=——1n g+kv02
2k 2k g+kv

2
At max height H , v=0, Hziln kv +g
2k g

Qldbii a=f =gk,
m

et [t o)

g -k’

x:—z—lkln(g—kvz)+c and x=0, v=0

s e=—ln(g) xziln( ; J

2k 2k | g—kv?
2
After falling x=H = % ln[M] to reach ground at v=v,,
8

1 In kv,” + g _ 1 In g kv,” + g g
2| - 2
2k g 2k | g—kv, g g —kv,

2 2 2 2
- g(Vo -V )_kvo Vi

Ql5ai J, =fsm"9d9, n>0
0

J = I *sin" @sin 6d6 = f sin" 0-%_ (- cos 6)6
o o de

i

= [— sin"™ @ cos 9]0% + r (n—1)cos® @sin" > 8d6
0

4

=0+(n —1)f (1-sin® 6)sin"> 6 d6
0

Y4

=(n- I)J? (sin"’2 6 —sin” 9)d9
=(n-1,.-7,)
n—1

2 d, =m=-10I, _,-nJ, +J, :J, = J,
n

1
Ql5aii 1, =J.x"(1—x)"dx, n>1
0
.2 dx .
Let x=sin" @, — =2sinfdcosd
dé

When x=0, §=0 and when x=1, 92%

I, = F 2sin** @cos™' 6 df = 2;7 F 2" sin** @cos™' @ dO
0 0
= 2; f sin>" 26 46 = 21»« I %sm“*‘ ¢ d¢ where ¢ =20
0

0
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2n+l

Since sin

. . V4
¢ is symmetric about ¢ = >

o1

1 J' sin 2n+l¢d¢_

"= ‘rsmz"+1 6 dé , replacing ¢ by 0

QI5aiii 1, =2—in f sin?*' 6 d@ =
0

22,7 2n+l

. -1 2
Since J, =n—1n_2,replace n by 2n+1 .0 J,,, = -
n 2n+1
1 2n
and [, = —
AV E

Replace n by n—1 in I, :2%1

n vV 2n+l

1

[, = 201 Jowa gy = 22("71)],,_1
1 2
n = 3 _}’L 2n—21”_1 ot Inlen—l

QI5bi LP=AP—AL= ;(AD—FR‘)—; :%(—I;+E+3)

Q15bii
LHS = b +¢* +d° +‘E—B

2

~ ~2
+‘d—c

=3b+30+3d -2b7-2db-2d.C
RHS = ‘b+c+d‘ ‘b—c+d‘ ‘

=(—b+c+d)( b+c+d) ( —c+d)(~
Expand and 51mphfy

RHS =3b +3¢ +3d —2b.¢ —2d b —2d ¢ =LHS
QI15¢ Period=2, -3<t<3

t=-1

/ Top view of spiral curve

Att=-25, y>0;t=-2, y=0;t=-15, x=0; r=—1, y=0

x=v9—1t>cosmt, y=—V9—t’sinzt, z=t for -3<r<3

Ql6ai Theroots of z° —1=0 are 1, w and w”.

Sum of roots 1+ w+w?=0.

. 2z 2T . .
Ql6aii w=e"* rotates a complex number by Y anticlockwise

Consider any anticlockwise equilateral AABC with its centre at the
origin.

aw=b, aw’ =c, bw=c, bw’=a, cw=a, cw’ =b, w=—1—w
(a+b+c)(1+w+w2)=0,

a+aw+aw’ +b+bw+bw’ +c+cw+cw’ =0
a+aw+a(-1-w)+b+bw+b(—=1—w)+bw+a+cw’ =0

S a+bw+ew? =0
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For a general anticlockwise equilateral with its centre translated by
d from O (every vertex is translated by d ):

a+bw+c'w

= (a—d)+(b—d)w+(c—d)w2

=a+bw+cw’ —d(l+w+w2)

=a+bw+cw’ =0

. a+bw+cw’ =0 is true for any anticlockwise equilateral AABC .

Ql6aiii w+w*=-1, w' =1, w'=w

Consider (a +bw+cew’ fa+bw’ + cw): 0, expand

a’ +abw’ + acw+ abw+b’w’ +bew® + acw’ +bew’ +c*w’ =0
a® + abw® + acw+ abw +b* + bew* + acw® +bew+¢* =0
sat+bi+ct = —ab(w+ wz)—bc(w+ wz)— ca(w+ wz)

s adt+br+ct=ab+bc+ca

Q16bi Consider f(x)=e* and g(x)=x, £(0)=1, g(0)=0,
£(0)=1 same as g’(x)=1

For x>0, f/(x)=¢*>1 . ¢*>x . x>Inx

Q16bii Prove " *" > (n!)* by induction:
For n=1, ¢*>2>1 istrue

Assume it is true for n=k , i.e. e * > (kI
(k+1)P+k+1

_kPk2(kH) _ KP4k 2(k+1)
=e =e e

_ K24k k+l
=e e

For n=k+1, e

> (k) (k +1)°

e(k+1)2+k+1

= ((k + 1)!)2 is true

e > (n!)* is true for n>1
Qlé6c Given |w| = |z| =1 and % < Arg(ij <z
w

z .. . .
.. — lies on the unit circle in the second quadrant
w

xeryw_ L y( ] =x+ y(ij where (i) is the conjugate of £
Z z w w W

lying in the third quadrant.

For %<Arg[xZ+ij<ﬂ', X2t YW

b4
in the second quadrant also.

=x+ y(ij is required to be
w

: y is a negative value to bring ( ] to the first quadrant, and then

w

add x (anegative value) to bring it to the second quadrant.

Please inform mathline @itute.com re conceptual
and/or mathematical errors
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