
      

2023 NSW ESA Mathematics Extension 2 Solutions                                                                                                                                  © itute 2023 
1 

 

2023 NSW ESA Mathematics Extension 2 Solutions  
                                                                                                                   © itute 2023                                                 

Section I 

1 2 3 4 5 6 7 8 9 10 

C D B C A B A D D B 
 

Q1                  C 
 

Q2                       D 
 

Q3                B 
 

Q4                        C 
 

Q5  Consider choice A: equating the components, λµ −−=+ 13 , 

λµ +=− 51  and λµ 32310 +=−−  are consistent         A 
 

Q6  In each of A, C and D, both circular functions have the same 

period .: they describe SHMs                  B 
 

Q7                A 
 

Q8  Interpret 1−z  and iz −  as distances of z  from 1and i  

respectively, any z in the shaded region satisfy choice D.        D 
 

Q9  See diagram below: avr ~,~,~ satisfy the description of the motion. 

       D 

 
 

Q10  Choice B:               B 

All three vectors have the same length r , radius of the sphere. 

The three conditions are 1cos2 =αr , 2cos2 =βr  and 3cos2 =γr  

.: 
γβα cos

3

cos

2

cos

1
==   

There exist γβα ,,  satisfying the conditions. 

For example when 1.0cos =α , 2.0cos =β  and 3.0cos =γ , and 

10=r  

 

Section II 

Q11a  
2

7

2

3

2

73
iz ±=

−±
=  

 

Q11b  θcos
~

.~ abba = , θcos671 = , °≈ 87θ  
 

 

Q11c   kjiBA
~

2
~~

3 +−−=  

( )kjikjr
~

2
~~

3
~

3
~

2~ +−−++= λ  , ( ) ( )kjir
~

23
~

2
~

3~ λλλ ++−+−=   
 

Q11d  ABCD and ABEF are parallelograms.  

.: DCAB //  and DCAB = , FEAB //  and FEAB =  

.: FEDC //  and FEDC =  .: CDFE is a parallelogram 
 

 

Q11e  
3

2
Period

π
=  and centre 4=x  

 

Q11f  [ ] 3ln3ln31ln2
3

3

1

2 2

0

2

0

−=−++=
−

+
+∫ xxdx

xx
 

 
 

 

Q12a   Assume 
b

a
=23  where ba,  are integers. 

.: ab =23  is an integer. But 252316 <<  i.e. 5234 <<   

.: 23  is not an integer because there is no integer between 4 and 5 

.: b23  cannot be an integer. The assumption led to a contradiction. 

.:  23  cannot be rational. 
 

Q12b  ( )2
0 yx −≤ , 222 yxxy +≤ , 1

2
22

≤
+ yx

xy
, 2

2
1

22
≤

+
+

yx

xy
 

.: 
( )

2
22

2

≤
+

+

yx

yx
 

 
 

Q12ci  ( ) ( ) jmgRimgF
~

cos
~

sin
~

θθ −+−=  

Since there is zero acceleration in the j
~

direction .: 0cos =− θmgR  

.: ( )imgF
~

sin
~

θ−=  
 

Q12cii  ig
m

F
a

~
sin

~
~ θ−==  

igtcigtdtav
~

sin~~
sin~~ θθ −=+−== ∫  since the object is initially at 

rest. 

Q12d  Let 
( )ik

eiz 42
3 23

222
ππ −

=−=  .: 





 −

=
4

2
3
1

2
1

2

ππk

ez  

Let 1,0,1−=k  to obtain 
iii

ezezez 12
7

2
1

122
1

4
3

2
1

2,2,2 321

πππ

===
−−

 

respectively 
 

Q12ei  Real coefficient, complex conjugate i−2  is also a zero. 
 

Q12eii  ( ) 303 234 −++−= dzczzzzP   

Let α and β  be the other two zeros. 

( ) ( ) 322 =++−++ iiβα  and ( )( ) 3022 −=+− iiαβ  

Solve to find the other zeros to be 3−  and 2 . 

 

Q13a  
( ) ∫∫∫

−−

−−
+

+−
=

−−

−
dx

xx

x
dx

x
dx

xx

x

222
45

24
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1

29
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45

1
 

cxx
x

+−−+






 +
= − 21 45

3

2
sin3  

 

Q13bi  Given 3≥k   .: 03 ≥−k  and 01 >+k  

.: ( )( ) 013 ≥+− kk  i.e. 032
2 ≥−− kk  

 

Q13bii  Prove 22
2 −≥ n

n  for all integers 3≥n  by induction. 

For 3=n , 78 ≥  is true 

For kn = , assume 22
2 −≥ k

k  to prove that ( ) 212
21 −+≥+

k
k . 

 

Proof: ( )22222
21 −≥×=+

k
kk    (see assumption) 

( ) ( ) 432422 2222 −++≥−+=− kkkkk   (from  part i) 

( ) ( ) 21432
22 −+=−++ kkk  

.: ( ) 212
21 −+≥+ kk  is true. 

Hence 22
2 −≥ n

n  for all integers 3≥n . 
 

Q13ci  ( )
( )
( ) 
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Q13cii  
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&&

410

4~  

.: x
dt

xd
&

&
4−=  and y

dt

yd
&

&
410 −−= ; ∫∫ −= dt

x

xd
4

&

&
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+
dt

y

yd
4

2
5 &

&
, 

( ) 3200 =x&  and ( ) 200 =y&  

.: t
x

4
320

ln −=
&

 and t
y

4ln
2
45

2
5

−=
+ &

  

Hence tex 4320 −=& , 
2

5

2

45 4 −= − tey&  and ( )
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Q13ciii  tex 4320 −=& and ( ) 00 =x ; 
2

5

2

45 4 −= − tey&  and ( ) 00 =y  

.: ( )tt
edtex

44
135320

−− −== ∫ , 

( ) tedtey tt
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Q13civ  Range, when ( ) 0
2

5
1

8

45 4 =−− −
te

t
, i.e.

9

4
1

4 t
e

t =− −
 

From the given graph, it occurs when 11
4 ≈− − t

e  and 

( ) 7.835135 4 ≈≈−= − tex   .: the horizontal range 7.8≈ m 

 

Q14ai  
2

1

2

3

6
sin

6
cos6 iiez
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Q14aii  OACB  is a rhombus with 1== OBOA  and 

2

2642 +−
=OC . 

24

7
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3

2

1
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1 πππ
=
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Q14aiii  Cosine rule: 

2..2..224

7
cos

222222 OC

OCOA

OBOAOC
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=
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=

π
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22628
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Q14b  Period π8 , 
4

cos41

t
x =  and 

4
sin4

4

2
cos42

tt
x =

−
=

π
 

where π2≥t  

Collision:  
21 xx = , 

4
sin

4
cos

tt
= , first occurs when

4

5

4

π
=

t
, π5=t  

at 22
4

5
cos41 −==

π
x  

                                                                                                                              

 

 
 

 

Q14ci  ( )2
kvg

m

F
a +−== ,  

( ) ( )2
2

2
1

kvg
dx

vd
+−= , 

( )
( )∫∫ +−

=
2

2

2

1

kvg

vd
dx , 

( ) ckvg
k

x ++−= 2
ln

2

1
 and 0=x , 0vv =  

.: ( )2

0ln
2

1
kvg

k
c +=  .: 
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k
x  

At max height H , 0=v , 
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Q14bii  2kvg
m

F
a −== ,  

( ) 2
2

2
1

kvg
dx

vd
−= , 

( )
∫∫ −

=
2

2

2

1

kvg

vd
dx ,  

( ) ckvg
k

x +−−= 2
ln

2

1
 and 0=x , 0=v  

.: ( )g
k

c ln
2

1
=  .: 
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After falling 
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Q15ai  ∫=
2

0

sin
π

θθ dJ
n

n , 0≥n  

( )∫∫ −== −− 22

0

1

0

1 cossinsinsin
ππ

θθ
θ

θθθθ d
d

d
dJ nn

n  

[ ] ( )∫
−− −+−=
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1
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nn
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.: ( ) nnnn JnJJnJ +−−= −21  .: 2

1
−

−
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n
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J  

 

Q15aii  ( )∫ −=
1

0

1 dxxxI
nn

n , 1≥n  

Let θ2
sin=x , θθ

θ
cossin2=

d

dx
 

When 0=x , 0=θ  and when 1=x , 
2

π
θ =    

θφφφθθ

θθθθθθ

ππ

ππ

2    wheresin
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Since φ12sin +n  is symmetric about 
2

π
φ =   

.: ∫∫
++ ==

22

0

12

2
0

12

2
sin

2

1
 sin

2

1
ππ

θθφφ ddI
n

n

n

nn , replacing φ  by θ  

 

Q15aiii  122
0

12

2
2

1
sin

2

1
 

2

+
+ == ∫ nn

n

nn JdI

π

θθ  

Since 2

1
−

−
= nn J

n

n
J , replace n  by 12 +n   .: 1212

12

2
−+

+
= nn J

n

n
J  

and 122 12

2
.

2

1
−

+
= nnn J

n

n
I  

Replace n  by 1−n  in 122
2

1
+== nnn JI   

( ) 12121
2

1
−−− = nnn JI  .: ( )

1

12

12 2 −
−

− = n

n

n IJ  

.: 11
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2 24
  :.    2.
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−
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=
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Q15bi  ( ) ( )dcbABACADALAPLP
~~~

2

1

2

1

2

1
++−=−+=−=    

 

Q15bii   

LHS
222

222 ~~~~~~ cdbdbcdcb −+−+−+++=  

cdbdcbdcb ~.
~

2
~

.
~

2~.
~

2
~

3~3
~

3 −−−++=  

RHS
222 ~~~~~~~~~

dcbdcbdcb −+++−+++−=  

( )( ) ( )( ) ( )( )dcbdcbdcbdcbdcbdcb
~~~

.
~~~~~~

.
~~~~~~

.
~~~

−+−+++−+−+++−++−=  

Expand and simplify 

RHS =−−−++= cdbdcbdcb ~.
~

2
~

.
~

2~.
~

2
~

3~3
~

3 LHS 
 

Q15c  Period 2= , 33 ≤≤− t  
 

 
 

At 5.2−=t , 0>y ; 2−=t , 0=y ; 5.1−=t , 0=x ; 1−=t , 0=y  

ttx πcos9
2−= , tty πsin9

2−−= , tz =  for 33 ≤≤− t  

 

Q16ai  The roots of 01
3 =−z  are 2

  and  ,1 ww . 

Sum of roots 01 2 =++ ww . 
 

Q16aii  3
2πi

ew =  rotates a complex number by 
3

2π
 anticlockwise 

Consider any anticlockwise equilateral ABC∆  with its centre at the 

origin. 

baw = , caw =2 , cbw = , abw =2 , acw = , bcw =2 , ww −−= 1
2  

( )( ) 01 2 =++++ wwcba , 

0222 =++++++++ cwcwcbwbwbawawa  

( ) ( ) 011
2 =+++−−+++−−++ cwabwwbbwbwaawa  

.: 02 =++ cwbwa  
 

 

For a general anticlockwise equilateral with its centre translated by 

d  from O  (every vertex is translated by d ): 

( ) ( ) ( )

( )
0

1

2

22

2

2

=++=

++−++=

−+−+−=

′+′+′

cwbwa

wwdcwbwa

wdcwdbda

wcwba

 

.: 02 =++ cwbwa  is true for any anticlockwise equilateral ABC∆ . 
 

Q16aiii  1
2 −=+ ww , 1

3 =w , ww =4  

Consider ( )( ) 022 =++++ cwbwacwbwa , expand 

0
324223222 =++++++++ wcbcwacwbcwwbabwacwabwa  

0222222 =++++++++ cbcwacwbcwbabwacwabwa  

.: ( ) ( ) ( )222222
wwcawwbcwwabcba +−+−+−=++  

.: cabcabcba ++=++ 222  
 

Q16bi  Consider ( ) xexf =  and ( ) xxg = , ( ) 10 =f , ( ) 00 =g , 

( ) 10 =′f  same as ( ) 1=′ xg  

For 0>x , ( ) 1>=′ xexf  .: xe
x >   .: xx ln>  

 

Q16bii  Prove ( )2
!

2

ne nn >+  by induction: 

For 1=n , 12
2 >>e  is true 

Assume it is true for kn = , i.e. ( )2
!

2

ke kk >+  

For 1+= kn ,  ( ) ( ) ( ) ( )21121211 2222 ++++++++++ === kkkkkkkkkkk
eeeeee  

.: ( ) 11 2 +++ kk
e ( ) ( ) ( )( )222

!11! +=+> kkk  is true 

.: ( )2
!

2

ne nn >+  is true for 1≥n  
 

Q16c  Given 1== zw  and π
π

<







<

w

z
Arg

2
 

.: 
w

z
 lies on the unit circle in the second quadrant 









+=








+=

+

w

z
yx

z

w
yx

z

ywxz
 where 









w

z
 is the conjugate of 

w

z
 

lying in the third quadrant. 

For π
π

<






 +
<

z

ywxz
Arg

2
, 








+=

+

w

z
yx

z

ywxz
 is required to be 

in the second quadrant also. 

.: y  is a negative value to bring 








w

z
 to the first quadrant, and  then 

add x  (a negative value) to bring it to the second quadrant. 
 

 
 

Please inform mathline@itute.com re conceptual 

              and/or mathematical errors 

 


