2024 NSW ESA Mathematics Extension 2 Solutions

© itute 2024
Section |
1 2 3 4 5 6 7 8 9 10
D C A B D A C A B D
Q1 Scalar product of vectors equals zero.
Q2
Q3

Q4 (z-3\z—(2+i)z—-(2-

7.55sis the time for % of a cycle.

i)=2°-72% +172-15

-—
——>

g

Q5

Q6 99-T =93, T-5g=>5a .. a=
Q7

Q8 e? :ex—u' _exe 1y

Q9

=e*(cosy —isiny)=e"(cosy +isiny) —e

The fourth roots of —9 spaced out equally on a circle of radius

J/3 centred at the origin. \/_CIS( j\/_ms( ] 3cis(7)=-3 I

Q10 @ is smallest when &,b and € lie on the same plane.

0056?=i

J5

Section 11

Q1l1a Integration by parts: Ixexdx = xe* —J.exdx =xe*—e*+c

Qllbi z+W=2+3i+1+5i

=3+8i

Q1ibii 2% =(2+3i)2+3i)=-5+12i

1 1

Qllc = ! 2 |2t o] g2t

2224 (<27 | o] 3, 9

. af 2
cosf@=0vV=——, @=cos —§ ~2.3
2

Q1d t=tan?, singr1= 2 a0V

2 1+t 1+t

2

dt _1ee2? 11, tan2? —1+t,
d@ 2 2 2 2 2
p 11+t2 2

dt=

1
2 sing+1 _-0[(1+t)2 1412

O ey
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2
dt=| ———
(1+t) [ 1+t

T -

Qllei J3+i :Zcis% or 2[cos%+isin%j

Qeii (V3+if =2 CIS?—128(—£—%IJ:—64\/§—64i
Q11f
Imiz)
34
f IR
0 i Relz)
= 2
Q12ai %b:E 0 —% 0
' —4 —4
Q12aii |3-225 |5 -a5-2255 =ab-ah =0
b.b b.b
_ab -~ . ~
—==Db isperpendicularto b .
“bb
Q12b
Lot X F2x+1 A Bx+C A(x2+1)+(Bx+C)(x—l)

(x—1)x? +1)= x—1 X241

(x-1)x% +1)

Equate coefficients and solve for A=3, B=0and C=2

J‘ 3x% +2x+1
(x-1)\x% +1)

Ql2ci |7eR

Q12cii Fromi, [z|=a+8, [z = (a+8)
ca?+144 =a% +16a+64 .

_[ 3 2
= =+
x-1 x?+1

bi+12i=0 .:

b:

-12

de =3In(x—1)+2tan ™ x+c

24 (-12F = (a+8F
a=5, z=5-12i

Q12d When n iseven, (n+1)*" is odd and 79n*® is even

2 (h+)*

—79n%°

is odd and cannot equal to 2.

When n is odd, (n+1)*" is even and 79n*° is odd

2 (h+)*

. there is no integer n such that (n+1)*"

—79n%°

is odd and cannot equal to 2.
—79n*°

=2.

Qu2ei AB=(7-3) +(0-5)j +(2—ak =47 —57 +6k
Vector equation of line /:
X + ] +2K =37 +5] — 4k + (47 —5] +6k )

. xT+yT+zIZ =(3+4/‘L)i~+5(1—/‘t)17—

2A2-32k

Qu2eii AC =(10-3)i +(5-5)] +(-2—4k =77 +2k

. AC and AB are not parallel

.. C does not lie on line 7.
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—2
Q13ai ‘AB‘ =(p-8) +(p—’6)2 +(2p-5f =6p* —24p+125 Ql4c When arg(%):arg(z)—arg(w):—%, z-w and z+w have

d|AB zZ—w |Z—W|
Q13aii Let ‘ ‘ =0, 12p-24=0, p=2 the same modulus. Z+w_|z+w|:
Shortest distance = /6(22 ) 24(2)+125 =101 LT
Q13b a=-4(x+1), when x=0, v =+4
d{tv?
(3—):—4(x+1) ;VZ_ —2(x+1f +¢, 8B=—2+¢, c=10 g
X
2 V2 = —4(x+1) +20 . When v=0, 0=—4(x+1f +20 k
2 (x+1F =5 . x=-1%/5 , amplitude /5 z-w
Distance travelled in a full period =4.5. dv
1 1 Q14d d—_l v=X+c NOT v=x
Q13ci a= vd—:—kv2 —kv, x:J.—k—dv:—EanJrcl X
v
40 Ql4ei OR = OP+PR_§a+kPQ —a+k(OQ OP)
At x=0,v=40 . x:——lnv+ Linao-1in® 5
k k Vv 3. - 3( )a
=—a+k 3b——a =2(1-k)a +3kb
. ekxzﬂ S v=40e 5 ( 5 j 5
v T _ 3 N
na Ql4eii OA+AR=OR . 5+h(b—5):—(1—k)5+3kb
Q13cii At x=15, v=10 . 10 =40e 5 : !5 =4 k=" 0B
15 Equate the coefficients of & and b :
13ciii — =40 i t=|—e"dx=——e"+c =(-k)=1-hand h=3k .. k==
© dt 40 40k 2 5( ) 6
1
When t=0, x=0 . t=—(6%-1) 14eiii OR=2[1-Lla+3xtp=L(a+b
ok 4 1 1 1 : > 0 X6 2( )
When v=30, 30 =d0e™, €% = - t= o = = o Let AT =AQ and OT = AOR.
T« T e U U
OT =OA+AT .. pJOR=a+aAQ, f=-la+b|=a+al3b —-a
Q13d l+l+l=w=1 .. bc+ca+ab=abc p Q '82( ) ( )
a boc abe Equate the coefficients of & and b :
bc+ca+ab=abc .: ab+ca+ab+bc+ca+bc=2abc a 1 1 1.
a(b+c)+b(a+c)+cla+b)=2abc l-a=2p and 3a=2p i a=7

Given X+Yy2=2,/Xy .. 224Xy <z(X+ o~
y22py 20y <2l y) of =22 -a)-36+5)
. 2av/bc +2bvac + 2c/ab < 2abc .: avbc +bv/ac +cy/ab <abc 4

15ai AB=OB-OA=b -3,
Ql4ai a isodd,i.e. a=2n+1 where n isan integer. Q

—_— — — 1~ - 1~ -
a?—1=(2n+1f —1=4n(n+1). Either n or (n+1) is even. AM =OM —OA=§(a+b)—a =§(b —a)
. a?—1=8k where k isan integer .: a® —1 is divisible by 8. v

S AM=ZAB .. M isthe midpoint of line segment AB

2x5 2x5-2 2x5 2x5-2 2

Ql14b For n=5, “°C; =252, 2 =256 .. 7°C5<?2 true
Assume it is true for n=k > 5, i.e. 2C, <222 true

.. M lies on the line passing through A and B

L= == == ~ 1~ =\ 1({~ -~ =
Q15aii MC=0C-OM =c—=la+b)==\2c—-a-b
K (Zk)'<22k 2 by assumption 2( ) 2( )

kIk! — — — 1 o~ .\ 1~ ~\ 1({~ ~ =~
FOE?:k)J;l’ ( )! ( )( )( )! ( )( )' MG=OG—OM=§(a+b+c)—§(a+b)=€(20—a—b)

2(k +2)) 2k +2 2k +2)2k +1)2k ¥ 2(2k +1)2k ! — 1— ) ) o ) _
(k+1)!(k+1)! (k+1)!(k+1)! (k+1)k!(k+1)k! = (k+1)k!k! . MG :§MC .. M s a point of trisection of line segment MC
< 2(2k +1)2%2 3 2(2k +2)22k2 T .l:\AManI(Ijeijo_n the line passing through M and C, and lies between

(k +1) (k +1)
2 2C,<2"? ¥nx>5
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Q15aiii x, wandz all have modulus 1 .

they all lie of the unit

Q16a Gradient of line OP = — and gradient of tangent of

b
. 1 1 L . a
circle. Let m==(x+w) and g ==(x+w+2z). m is inside the unit dy

_ ) 2 o 3 o y =cos(kx) is == = —ksin(kx) = —k sin(ka) at P(a,b).
circle. g isa point of trisection of line segment from g to z .:itis dx

also inside the unit circle xwz has modulus 1 and its cube roots are

on the unit circle. .: g = (x+w+ z) is never a cube root of xwz .

a
Q1sb I, :Ix”*%(a— X)? dx
0

Rearrange to obtain (2n+4)I,, =

d|dv?
Q15ci (2—)=g(%—]) 1 g( 27 —x+cj
dx X 2x?

X=6,v=0 .. c:% g vzzg(g—z —zj

27

Q15cii When v=0, x=6 and T_ZX__Z_O which can be
X

(x—6)gx® —3x-18)=0

3++/585

© 8x?-3x—-18=0and 0<X<6 .. X:Tzlj

changed to 8x> —51x* +108 =0 .:

Q15d Let | :j dx and 1-x=cosé

2x2 dx=I 2x2
V2x—x? Y1-(1-x)
2(1—coso)

1-cos® 6
=J.2(1—Zcos49+cos2 49)19=—J.(2—4cos¢9+(l+c0526’))d49

. x=1-cosé and | =I sin6d9=j2(l—cose)2d0

:I(3—4cos:9+cosZ¢9)d9:39—4sin9+%sin 20+¢c

=30 —4sin@+sin@cosd +c =360 — (4 —cosd)sin @ + ¢

X =1-c0s6, cosf=1—X, cos? O =1—2x+ x>
2 sin?@=2x—x? and sin @ =+/2x — x?
: 1 =30—(4—cos@)sind+c

=3c0sH(1-x)—(x+3N2x—x? +¢
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Given they are perpendicular, —ksin(ka)x b_ -1, k>0
a

. a a ~2a  (2ka)
~ bsin(ka) sin(ka)cos(ka) sin(2ka) ksin(2ka)
k? = (2ka) —1when 2ka—>0 .. k?>1 . k>1.

~ sin(2ka)

2ri 2xi 2xi

Ql6bi y*=w=e? . y=e® and y=e °

2 2 2 2 2
¥+ 7 =C0S— +isin == +cos=— —isin=— = 2cos— real
9 9 9 9 9

2®-3z+1= 2(22 —3)+1= (y+ ;7)((;/+;7)2 —3)+1
= (ezgi + e_zgij(e‘tgi + e_%i —1) +1 expand andsimplify

27i 27i 27i 27i 2xi 2xi

=e? +e°’ +e ° +e ° —e? —e ° +1

27i 27i
=e3 +e ¥ +1= c052—+cos _2m =—l—l+l 0
3 3 2 2

. y+7 isarootof 22 -3z+1=0

Q16bii From part i, cos%cos%cos%

1( 27 2w\ 4xi _4xiNq] (0 8xi_eai L
=E(e9 +e 9 )E(eg +e 9 jz(eg +e 9) expand, simplify
1( Yz 10z 6xi 27 2@l 6z 10z l4zi
=—(e9+e9+e9+e9+e9+e9+e9+e9j

1( _4=zi  _8xi 6z 2z 270 _6xi  Bxi  4mi
=§(e9+e9+e9+e9+e9+e9+e9+e9j
1 1
—2()=-3
8 8

Note: Sum of the complex ninth roots of unit is 0

_4mi el eri o 27i 2w _6rl 8al 4ri
se * +e °* +e? +e® +e ° +e ° +e® +e° +1=0
4ri 8zi 6xi 2zi 2xi 67zi 8xi 4zi

se 9 4+e *+ef +e? +e Y +e Y +e? +e? =-1

Mg 2Mlp o2 2" " lag 2y
cos cos cos =C0S cos cos
9 9 9 9 9 9
The factor 2" causes the roots to ninth roots to rotate around the

A N Lae R U S |

unit circle .: cos cos cos =—=

9 9 9 8
Q16¢ Both particles travel in the same medium and have the same
form for acceleration a = 9" =—(g+kv)

-1 1
t_Imdt_—Kln(g +kv)+c

For A, t=0, v=-v, and t:—lln(ngkv)Jrcl

1 g —kyp
2 ==In(g-k st :—I
“ k (g k) k (g+ka
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Rearrange, v=—3 + 9~ kvoe—kt dx_ 9. 9-ky -«

k dt k k

—_gt— g kVO e*kt
k k2

; czzd+g_k—§° and x:—%t+g;—|2w°(l—e‘“)+d

+c,. Given x=d when t=0

Similarly, for B, t=0, v=v, and t:—%ln(g+kv)+c3

1 g +kvy g g+kyy
c;=—1In k st =—| — | lV=—=4+=—"¢
2=y (ki) ot (g+kv] T
and x:—gt—g+—|%e‘kt+c4.(3iven x=0 when t=0
k k?
c4:—g +kl<vo and x=—%t+—9J ;WO (1—e’kt)

When the particles meet they are at the same position.

3“9?%(1 e"‘t) gt+gkkvo(1 e’kt)+d

Rearrange: e = 2o t=1in _ Mo given d <2
2vy —kd k { 2vy—kd k

Please inform mathline@itute.com re conceptual
and/or mathematical errors
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