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The binomial theorem 

The theorem is used to expand expression of the form ( )n
qp + , 

where n is a positive integer. 

( ) n

n

nnnnnnnn
qpCqpCqpCqpCqp 022

2

11

1

0

0 ......++++=+
−−  

 

Example 1  Expand ( )4
32 −x . 
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Example 2  Find the coefficient of the term containing 6x  in the 

expansion of ( )9
3 ax − , where a is a constant. 

 

The required term is ( ) ( )36
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The coefficient is ( ) ( ) 336
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Factorisation of polynomial functions 
 

Not all polynomials can be factorised analytically (by algebraic 

methods). The following methods are applicable to those 

polynomials that have factors involving rational numbers and 

surds. 
   

Common factors   Look for common factors and separate them 

from the terms of the polynomial by means of the distributive law 

in reverse. This is always the first step in all factorisations. 
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Difference of two squares   Rewrite the polynomial in the form 
22 ba −  that can be factorised as ( )( )baba +− . 

 

Note: Polynomials in the form of sum of two squares cannot be 

factorised. 
 

Example 5  Factorise 
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The polynomial has no common factors. 
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Example 6  Factorise xxy 1227 3
−= . 

 

Take out the common factors 3 and x from the two terms, rewrite 

the resulting two terms as difference of two squares and then 

factorise. 

( ) ( )( ) ( )( )23233233493 222
+−=−=−= xxxxxxxy . 

 

 

 

 

Example 7  Factorise 1967 2
−x . 

 

Take out the common factor 7 from the two terms, rewrite the 

resulting two terms as difference of two squares and factorise. 
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Example 8  Factorise 94
−x  over Q. 

 

Rewrite the binomial as difference of two squares and then 

factorise. 
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Example 9  Factorise ( ) 532
2

−−x  over R. 
 

Do not expand. Express the polynomial as difference of two 

squares and then factorise. 

 ( ) ( ) ( ) ( )( )532532532532
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+−−−=−−=−− xxxx . 

 

Quadratic trinomials   For trinomials that have linear factors 

involving rational numbers, a quick method is by trial and error. 
 

( )( )qxpxcbxx ++=++
2 , by trial and error, find numbers p 

and q such that cpq =  AND bqp =+ . 

( )( )qnxpmxcbxax ++=++
2

, by trial and error, find numbers 

m, n, p and q such that amn = , cpq =  AND bnpmq =+ . 
 

Note: Check the value of each discriminant, cb 42
−  in the first 

case and acb 42
−  in the second case before trying to factorise. 

If the value is negative, the trinomial has no linear factors. If the 

value is zero, the two linear factors are the same. 

 

Example 10  Factorise 123 2
+− xx . 

 

This trinomial has no linear factors because 

( ) ( )( ) 813424
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−=−−=− acb  is a negative value. 

 

Example 11  Factorise ( ) 642 2
++−= xxxf . 

 

The trinomial has a common factor of  −2, hence 

( ) ( )322 2
−−−= xxxf . 

For the resulting trinomial inside the brackets, 

( ) ( ) 163424
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=−−−=− cb  is a positive value; it can be 

factorised. 

 ( ) ( ) ( )( )132322 2
+−−=−−−= xxxxxf  by trial and error. 

  

Example 12  Factorise rrxrxy 98282 2
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( )4914298282 22
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For the resulting trinomial, ( ) ( ) 0494144
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the two linear factors are the same. 

( )2
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Example 13  Factorise 1224
−− xx  completely over Q. 

 

Rewrite the polynomial as ( ) ( ) 12222
−− xx  

( )( )34 22
+−= xx               Trial and error 

( )( )( )322 2
++−= xxx       Difference of two squares 

 



Example 14  Factorise ( ) ( ) 35323
2

−+−+ xx . 
 

Do not expand. Replace 3+x  by y, then factorise by trial and 

error. 

( ) ( ) ( )( )5735235323 22
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( )( ) ( )( )845373 +−=++−+= xxxx  

 

Completing the square   If the linear factors cannot be found by 

trial and error, try completing the square. 
 

Example 15  Factorise 262
+− xx  over R. 
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Example 16  Factorise 632 2
−− xx  over R. 
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Example 17  Factorise 72 24
−− xx  over R. 
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−+−−=−− xxxx  
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Example 18  Factorise 1624
+− xx  over R. 

 

Add 29x  to complete the square. 

( ) 2222224 991616 xxxxxx −++−=+−  

( )( ) 2222 9168 xxx −++=  

( ) ( ) ( )( )434334 22222
+++−=−+= xxxxxx . 

 

The two quadratic factors do not have linear factors because 

042
<− acb . 

Note: Examples 17 and 18 show two methods in completing the 

square for polynomials of the form ( ) CBxxA +−
222

. 

If 042
>− ACB , follow the method shown in example 17,  

i.e. add and subtract a constant to complete the square. 

If 042
<− ACB , follow the method shown in example 18,  

i.e. add and subtract a 
2x  term to complete the square. 

1=A  in both examples. 
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Sum/difference of two cubes   Both forms can be factorised to a 

linear factor and a quadratic factor. The quadratic factor cannot 

be factorised further. 
 

( )( )2233 babababa +−+=+     

( )( )2233 babababa ++−=−  

 

Example 19  Factorise 542 3
−x  over R. 

 

The two terms in the cubic function have a common factor of 2. 
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Example 20  Factorise 40625 3
+x  over R. 
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Example 21  Factorise 2
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Example 22  Factorise ( ) 112
3

+−x  over R. 
 

Do not expand, use ‘the sum of two cubes’. 
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Example 23  Factorise 646
−x  over R. 

 

Treat 646
−x  as difference of two squares. 
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If 646
−x  is treated as difference of two cubes, then 
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++−++−= . 

 

Grouping 
 

Example 24  Factorise 144 24
−+− xxx  over R. 

 

( )144144 2424
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−++−= xxxx  

( ) ( )( )21211
2

++−+−= xxx  

 

 

 

 

Exercise: Next page 



 

 

Q1 Expand ( )5
21 x− . 

 

 

 

 

 

 

 

 

Q3 Find the 3−x  term in the expansion of 
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Q5 Factorise ( ) 1622
3

+−x  over R. 

 

 

 

 

 

 

 

 

Q7 Factorise ( ) 12102 2
−+−= xxxf . 

 

 

 

 

 

 

 

 

 

Q9 Factorise ( ) ( ) 213233
2

−+−+ xx . 

 

 

 

 

 

 

 

 

 

Q11 Factorise 24 24
−+ xx  over R. 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

Q2 Find the coefficient of the term containing 5x  in the 

expansion of ( )11
2 bx − , where b is a constant. 

 

 

 

 

 

 
 

Q4 Factorise 1897 3
−x . 

 

 

 

 

 

 

 

 
 
 

Q6 Factorise 254
−x  over Q. 

 

 

 

 

 

 

 

 

Q8 Factorise 7224
−− xx  completely over Q. 

 

 

 

 

 

 

 

 

 

Q10 Factorise 742 2
−− xx  over R. 

 

 

 

 

 

 

 

 

 

Q12 Factorise 93 24
+− xx  over R. 

 

 

 

 

 

 

 

 
 

 
Numerical, algebraic and worded answers:  1. 5432 32808040101 xxxxx −+−+−    2. 614784b    3. 84−    4. ( )( )9337 2

++− xxx    5. ( )1262 2
+− xxx  
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++− xxx    9. ( )163 +xx    10. 
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