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The binomial theorem

n
5

The theorem is used to expand expression of the form ( p+ q)

where n is a positive integer.
n-1 1

(P+Q)n=ncopnq0+nclp q +nC2p'172612 +...+"C pq
Example 1 Expand (2x—3)4.

(2x-3)'="c,(2x)' (= 3)'+'C, (2x) (- 3) +*C, (2x)* (- 3)
+¢;(2x) (-3 +*c, (2x)° (- 3)*
=16x* —96x> +216x%* —216x + 81

Example 2 Find the coefficient of the term containing x° in the

. 9 .
expansion of (3x - a) , where a is a constant.

The required term is °C;(3x)° (= a)’.
The coefficient is °C;(3)° (- a)’ =—-61236a°.

10
Example 3 Find the x* term in the expansion of (sz —lj )
X

X

6
The required term is '°C, (2x2 )4 (— lj =16 '°C, x’

Factorisation of polynomial functions

Not all polynomials can be factorised analytically (by algebraic
methods). The following methods are applicable to those
polynomials that have factors involving rational numbers and
surds.

Common factors Look for common factors and separate them
from the terms of the polynomial by means of the distributive law
in reverse. This is always the first step in all factorisations.

Example 4 Factorise f(x) =25x" —10x> +%x .

flx)=25x" —10x> + %x =(5)(5)xxx — (5)(2)xx + (5)6} LAl
three terms have common factors 5 and x.

Hence f(x) = Sx(Sxx —-2x+ %) = SJ{SX2 -2x+ %) .

Difference of two squares Rewrite the polynomial in the form
a® —b* that can be factorised as (a - b)(a + b) .

Note: Polynomials in the form of sum of two squares cannot be
factorised.

Example 5 Factorise 36x” —% .

The polynomial has no common factors.

36x° —zis =(6x) - sz = [6x - %](m + %) .

Example 6 Factorise y=27x> —12x.

Take out the common factors 3 and x from the two terms, rewrite
the resulting two terms as difference of two squares and then
factorise.

y=32(0x% - 4)=3x((3x)* - 22)=3x(3x - 2)3x +2).

Example 7 Factorise 7x*> —196.

Take out the common factor 7 from the two terms, rewrite the
resulting two terms as difference of two squares and factorise.

x> —196=7(x - 28):7(x2 - (2ﬁ)2)=7(x—2ﬁ)(x+ 247).

Example 8 Factorise x* —9 over Q.

Rewrite the binomial as difference of two squares and then
factorise.

x* —9=()c2)2 -3’ =(x2 —3Xx2 +3)

=(x2 —(\/g)zj(xz +3)=(x—\/SXx+ \Esz +3)

Example 9 Factorise (2x - 3)2 -5 overR.

Do not expand. Express the polynomial as difference of two
squares and then factorise.

(2x—3) —5=(2x -3 (5] =Lx-3-v5)2x-3+45).

Quadratic trinomials For trinomials that have linear factors
involving rational numbers, a quick method is by trial and error.

x*+bx+c= (x + p)(x + q), by trial and error, find numbers p
and q such that pg=c AND p+q=>b.

ax® +bx+c= (mx + p)(nx + q), by trial and error, find numbers
m, n, p and q such that mn=a, pq=c AND mq+np=>b.

Note: Check the value of each discriminant, b> —4c in the first

case and b* —4ac in the second case before trying to factorise.
If the value is negative, the trinomial has no linear factors. If the
value is zero, the two linear factors are the same.

Example 10 Factorise 3x> —2x+1.

This trinomial has no linear factors because
b* —4dac= (— 2)2 - 4(3)(1) =-8 is a negative value.

Example 11 Factorise f (x) =-2x"+4x+6.
The trinomial has a common factor of —2, hence
f(x)=-2(x* —2x-3).
For the resulting trinomial inside the brackets,

b* —4c=(-2)" —4(-3)=16 is a positive value; it can be
factorised.

£(x)==2(x> = 2x—3)=—2(x=3)(x +1) by trial and error.

Example 12 Factorise y=2rx” —28rx+98r.

y=2rx" —28rx +98r = 2r()c2 —14x+ 49)

For the resulting trinomial, b* —4c = (— 14)2 - 4(49) =0, hence
the two linear factors are the same.
Sy= 2r(x - 7)2 .

Example 13 Factorise x* —x* —12 completely over Q.

Rewrite the polynomial as (x2 )2 - (xz )— 12
= (x2 - 4Xx2 + 3)
= (x - 2)(x + 2)(x2 + 3)

Trial and error

Difference of two squares



Example 14 Factorise (x + 3)2 - 2(x + 3) -35.

Do not expand. Replace x + 3 by y, then factorise by trial and
error.

(x+3) =2(x+3)-35=y> -2y -35=(y=7)y +5)
=(x+3-7)x+3+5)=(x-4)(x+8)

Completing the square If the linear factors cannot be found by
trial and error, try completing the square.

Example 15 Factorise x> —6x+2 over R.

2 2
x*—6x+2=x"—6x+ L e} +2
2 2

=x’—6x+9-9+2=(x>—6x+9)-7

=(x—3)2 _(ﬁ)z =(x_3—\/7Xx—3+\/7).

Example 16 Factorise 2x*> —3x—6 over R.
2 2
2x* =3x—6= 2|:x —éx 3} Z{x —§x+[lxé) —[éj —3}
2 2 2 2 4
I 2 2 2

=2 x2—§x+ EAN -3|=2 x—é _37

2 4 4 4 16

2

3 (57 3) V57 3) 57
=2l x| —=|—| [=2|x—=|-—— || x—=|+——

4 4 4 4 4 4

Example 17 Factorise x* —2x® —7 over R.

2 —2x? =7 =) —2(x?)-12 +12 =7
() ~2)-1)- 6= -1f (V6]

(x2—1 \/_Xx —1+J_)

(xz (1+\/_)x —( —\/_))

] - )
:(x_¢1%j(ﬁm@(x_Jl_@(xm_%).

Example 18 Factorise x* — x> +16 over R.

Add 9x* to complete the square.
xt—x? +16=()c2)2 - x> +16+9x* —9x?
= (()c2 )2 +8x + 16)— 9x’

= ()c2 +4)2 ~(3x)’ =(x2 —3)C+4X)c2 +3x+4).

The two quadratic factors do not have linear factors because

b* —4ac<0.
Note: Examples 17 and 18 show two methods in completing the

square for polynomials of the form A(xz)z -Bx*+C.

If B> —4AC >0, follow the method shown in example 17,
i.e. add and subtract a constant to complete the square.

If B> —4AC <0, follow the method shown in example 18,

i.e. add and subtract a x* term to complete the square.
A =1 in both examples.

If A#1, write A(x2)2 —Bx2+C=A((x2) —Zx +—j.

Sum/difference of two cubes Both forms can be factorised to a
linear factor and a quadratic factor. The quadratic factor cannot
be factorised further.

a’+b’ =(a+b)(a2 —ab+b2)
a’-b’ z(a—b)(a2 +ab+b2)

Example 19 Factorise 2x° —54 over R.

The two terms in the cubic function have a common factor of 2.
23 —54=2(x* =27)=2(x* —=3*)=2(x = 3)(x> + 3x +9).
Example 20 Factorise 625x° +40 over R.

625x +40=5(125x" +8)=5((5x)" +2?)

=5(5x+2)((5x)° —2(5x) + 22 )= 5(5x + 2)(25x% —10x +4).

3

Example 21 Factorise 1000x’ +52 overR.

1000x° +52 = (10x) + (v5)
~(10x++5 X(le)z —(10x)5)+ (5 )2)

— (102 + 5 [100x> ~10y/5x +5)
= 5{10x + 5 20+ —245x +1).

Example 22 Factorise (2x - 1)3 +1 over R.

Do not expand, use ‘the sum of two cubes’.
x-1) +1=2x-1) +1°

=(x-1)+1)(2x =17 —12x-1)+1)

= (2x)ax? —dx+1-2x+1+1) =2x(4x> —6x+3).

Example 23 Factorise x° —64 over R.

Treat x° —64 as difference of two squares.

2 —6a=(f - =(x* —2°fx* +27)

= (x— 2)(x2 +2x+ 4)(x+ 2)(x2 —2x+ 4).

If x°—64 is treated as dlfference of two cubes, then

X —6a=(x*) - ) ef 122+ 22))

=(x—2 X 2)(x2+4 ZxXx +4+2x)

Grouping

Example 24 Factorise x* —4x” +4x—1 over R.
xt—4x" +4x-1=x* —(4x2 —4x+1)

=@ - (x-1y

= (xz —2)C+1Xx2 +2x—1)

=(x—1)2(x+1—x/EXx+1+\/5)

Exercise: Next page



Q1 Expand (1— 2)c)5 . Q2 Find the coefficient of the term containing x° in the

expansion of (2x— b)ll , Where b is a constant.

Q4 Factorise 7x° —189 .

9
Q3 Find the x™ term in the expansion of (l - xj .
X

Q5 Factorise 2(x—2) +16 over R. Q6 Factorise x* —25 over Q.

Q7 Factorise f(x)=-2x*+10x—-12. Q8 Factorise x* —x* —72 completely over Q.
Q9 Factorise 3(x+3)" —2(x+3)-21. Q10 Factorise 2x* —4x—7 over R.

Q11 Factorise x* +4x> —2 over R. Q12 Factorise x* —3x*+9 over R.

Numerical, algebraic and worded answers: 1. 1-10x+40x> —80x> +80x* —32x° 2. 14784b°% 3. -84 4. 7(x—3)(x2 +3x+9) 5. 2x(x2—6x+12)
6. (x2+5Xx—J§Xx+J§) 7. 2(r-2)x-3) 8. (r=3)fx+3)x>+8) 9. x(r+16) 10. 2[x—l—¥j[x—l+¥] 11. (x2+2—«/EXx2+2+«/g)

12. (x2 -3x+3 x2+3x+3)




