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Properties of anti-derivatives and definite integrals
J.Af(x)dx = AJ' Fx)dx
[ ()£ g = [ 1 (i = [ glx)ax

'h[f(x)dx + j f(x)dx = jf(x)dx
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Rules for anti-derivatives of cos(kx) and sin(kx)
jcos(x)dx = sin(x)+ C
I a cos(kx)dx = % sin (kx) +C

jcos(x - b)dx = sin(x - b)+ C

—

acosk(x—b)d :%Sink(x—b)+C
Iacoskx b =%sin(kx—b)+C
J-sm :—cosx)+C

jasm =——cos(kx)+C
Ismx bdx——cos(x b)
Iasink(x—b)dx=—%cosk(x—b)+C

J'a sin(kx —b)dx = —%cos(kx—b)+ c

Example 1 Find an anti-derivative of _—32 .
5(2x+1)
—2 —1
J- -3 2dx:J-—3(2x+1) x:—3(2x+1) fC= N
5(2x+1) 5 5(-1)2) 10(2x +1)

Choose any real value for C, usually O for convenience.

Example 2 Find F (x)= I 3 2

X —

dx such that F(1)=1.

=1,

Flx)= i

.'.%10g6(1)+C=1, C=1..F(x)= i

2
+C, Fll)=
0)=3
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Example 3 Given f '(x)= cos ﬁ(x + 1) —2¢™, find f(x) such that

10)=-=.
f/(x)=cos(x+1)—2e™, .. f(x)=j(cos7r(x+1)—2e’“)dx

X

=lsin7[(x+1)—£e +C.
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f(O):lsinir—zeO +c=—3, - C=0.
T T T

) =Lsinz(x+1)- 2 em
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Example 4 Evaluate v[(x2 - 1)()c2 + l)dx .
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log, 2 o2 _ o2 log, 2 1 log, 2
—4x -4
J' ———dx= v"(l—e *)dx= x+—e"
e 4

0 0 0

= 1ogez+ie*‘“°gv2 _[o+Le log92+1xi—l
4 416 4

=log 2——
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Example 6 Evaluate J.x
. X+ 1

dx .

2 1
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J'x dxzj' x—l+—— ldr=| T~ x+2log, (x+1)
x+1 x+1 2
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Example 7 EvaluateJ. .
1 x+1
o1+ h +1 +1 h
J. x J.x x - x dsz.(xz—x+1)dx
1 x+1 1 x+1 1

x° 20
= ———+x =—
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Example 8 Evaluate J-lozmmdx.
11

0

Firstly simplify the integrand:
1 1 -
10202i0(10) = (x— 10)2 = (x - 10)

12 12
1
J-ﬁ_woﬂ(’gw —_dx _J'(x 10) 2dx {_x—lo} -~

11 11

Integration by recognition

dx .

Example 9 Find j
cos” x

J- ! dx = .[secz (x)dx = tan(x)+ C by recognising that
cos?(x)

d 2

— (tan(x)) =sec (x)

dx

Example 10 Find the derivative of xlog, x . Hence find the anti-

derivative of log, x

Let y = xlog, x, apply the product rule to obtain

©  og, M0+ (o[ L) t0g, 41

logex=ﬂ—1. J.logexdx=J. ﬂ—1 dx=_|.ﬂdx—_|.ldx
dx dx dx

=y-x+C=xlog, x—x+C

Example 11 Find f'(x), given f(x)= sin(x"l )
2
~1
Hence evaluate jﬂf)dx.
x
2

f(x) = sin( B ) use the chain rule to obtain f'(x) =—x" cos(x"l )

g TCOS ][' F(x)dx=[- £( )’2’2=[—sin(x")]i

2 T
T
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Example 12 Given y = xe >, find ? and hence evaluate
X

1

J.xefzxdx .

o

Example 13 Let f(x)=x*+1 and g(x)=1log,(x).
a. Write down the rule of g( f (x))
b. Find the derivative of g(f(x)).

c. Hence find an anti-derivative of

a. g(f(x)) = og. [ +1)

d d ’ d(, 2x
dx 28U ) dx oge(x - ) x2+lxdx (x " ) 2 +1

. J’ 2x
U |

Example 14
If f(x)=xcos(3x), then f'(x)=cos(3x)—3xsin(3x).

Use this fact to find an anti-derivative of xsin(3x) .

2i1

log, (f(x)

dx=loge(x2+1)+C, J. E dx=%loge(x2+1)

x +1

£/(x) = cos(3x)—3xsin(3x),
: j £ (x)dx = j (cos(3x) - 3xsin(3x))dx
J. f(x)dx = J. cos(3x)dx —3J.xsin (3x)dx

flx)== g -3 xsin(3x)dx

3 ein(arkir =10 cos(o
Jrsinfl = 5162) o)
Example 15

a. Show that di(x +n)e =(x+n+1)e”
X

Hence find J.(x +n)edx .

, where n is an integer. b.

a. By the product rule,

%(x+ n)e* = (% (x+ n)]ex +(x+ n)%ex
=" +(x+n)e’ =(x+n+1)e*

b. %(x+n)€x
(x+n)e* = J.(x +n+l)e’dy = J.(x +n)edx+ J.exdx

=(x+n+1)e*

2 (x+n)et = J.(x+ n+1)e*dx = J.(x+ n)edx + e*

. J.(x+ n)e‘dx=(x+n)e* —e* =(x+n-1)

Exercise: Next page
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1. Evaluate jidx .
Sl-x

X

2.Find [(3x—2) ar.

3. Given f(x)=2[e2 —e_;J,find [ £l

4. Evaluate J.sin(z)dx + J.sin(ﬁjdx .
0 2 0 2

1
2

5. Evaluate I{i(%ﬂdx
oLdx\x" —x+1

2 72

6. Given J g(x)x = 7 , evaluate J[cos(ij -2 g(x)}dx .
0 2z

0

, evaluate I >
x X X 1 X

7. Given di(bge * j _1- lozge * 0 (HMJJX ' 8. Show that i(sec(2x)+1) =2sec(2x)tan(2x) . Hence find

dx

J(sec(Zx)tan (2x)ﬁx .

9. Find the derivative of cos(2x) . Hence evaluate

6

I sin (2x)tan (2x)dx .

0

10. Find £(x), given f’(x)=sec?(2x) and f(%jzl.

11. Find i(x/1+x2) and hence find J- i
dx 0 vV1+ x>

dx .

12. Find f'(x), given f(x) = xsin x . Hence find Ixcos xdx .

Answers: 1. logd 2. 2d3x-2)/3 +¢ 3. 4"+ + ¢
10. ¥ (tanx)+1) 11, xA(1+x0), N1+ -1

12. xcosx + sinx,

4. 4 5. 1/3 6.0 7. /e

xsinx + cosx + ¢

8. Vasec(2x) + ¢ 9. —\(sin@x)tan(2x)), 1-1N2




