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Applications of functions and calculus
Curve sketching

Sketching the graph of a function requires the knowledge of the x
and y-intercepts, the asymptotic behaviours and the position and
nature of each stationary point.

The x-coordinate of a stationary point can be found by letting

? =0,0rf '(x) =0, then solve for x. The y-coordinate is found by
X

substituting the x value in the equation of the function.
The nature of a stationary point can be determined by finding the

d
value of d_y on each side of the stationary point.
X

Left Statu?nary Right Nature
point

ﬂ>0 ﬂ=0 ﬂ<0 Local max.
dx dx dx

ay <0 dy =0 dy >0 Local min.
dx dx dx

ay >0 dy =0 gy >0 Inflection pt.
dx dx dx

dy <0 dy =0 @ <0 Inflection pt.
dx dx dx

Note: A local maximum (local minimum) is not necessarily the
maximum (minimum) point of the function. You need to compare it
with other stationary points and end points in the domain.

Example 1 Sketch y=x’—3x, xe [-22].

End points: x=-2, y=-2; x=2,=y=2.
x-intercepts: Let y =0, x* —3x =0, x()c2 - 3)= 0,

x(x—\/gXx+\/§)=O, X = —\/5,0,\/5.

. . d
Stationary points: Let d_y =0, dy _ ?a(x2 - 1)= 0,.: x=-1,1

Since e " >0,.: t—=5=0 or ¢t =5. This intercept is also a
turning point as indicated by (t —5) being a repeated factor.
x-intercept: Let =0, x =2.5. This is also an end point.
Asymptotic behaviour:

As t — oo, the dominant factor ¢ " — 0", .: x > 0.

Stationary points: % =0, —0.01(r=5) ™" +0.2(t=5) " =0,
—(t=5)e"(0.01(r = 5)-0.2) = 0, —(r —5)(0.01 —0.25)e """ =0.
Since e >0,.: t—5=0,i.e. t=5 and x =0 (as discussed
earlier), or 0.01r—0.25=0,i.e. t=25and x =40e™>’.

Nature of stationary points:

Att= 4 5 10 25 26
ﬂ <0 =0 >0 =0 <0
dt
Nature Lo.cal Local
min. max.

X

Example 3 Sketch y = eV cos(x) for xe [0,275].

2
End points: At x=0, y=1. At x =27z, y=eﬁ.

X X

x-intercepts: Let y =0, e*/5 COS(x) =0, and since eﬁ >0,

. cos(x)=0, and hence x =% or 377[

Asymptotic behaviour: None.

X X

X dx Stationary points: L =0, — eﬁ sin(x)+ieﬁ cos(x) =0,
Ly=2,-2 dx \/E
Nature of stationary points: £ 1 1 1
— e sin(x) = —=cos(x) | = 0, sin(x) = —=cos(x). tan(x)=—=
e sinlx coslx , sinl{x coslx), tanlx H
Atx= -2 ~1 0 1 2 ( J3 V3 V3
dy i Rid
dx >0 =0 <0 =0 >0 encex=%and y=§e6ﬁ orx=%Z and y=—%e°ﬁ.
Nature Local Lo.cal Nature of stationary points:
max. min.
Asymptotic behaviour: None. Atx= 0.5 % 1 7?7[ 4
y d
i & >0 =0 <0 =0 >0
dx
Nature Local Lo.cal
max. min.

Example 2 Sketch the graph of x = %(l =5 e, ref0,%).

t-intercepts: Let x =0, %(l —5) e =0.




Example 4 Sketch y = +1 for xe [— 1,3).

+
x+2 3-—x

End point: At x=-1, y=2.25.

Asymptotic behaviour: As x =37, y = oo
The function is positive for x e [— 1,3) , NO x-intercepts.

. 11
y-intercept: Let x=0, y= ra

Stationary points: y___1 + L 0,

A (x+2f  (-x)

=0, ~(x+2)-(B3-x) =0,

(x + 2)2 - (3 —x)
(3 - x)2 (x + 2)2

(x+2)-@B-x)(x+2)+(3-x)=0, 52x-1)=0, xzé and

y22
5
Nature of stationary point:
1
Atx= 0 - 1
2
d
2 <0 =0 >0
dx
Nature Local min.
Equations of tangents and normals
A
y y=fx)
tangent
normal
— 0| 7 a \ Tx

Gradient of the tangent to the curve y = f(x) at x=a is
my = f '(a).
1 1

Gradient of the normal is my, = ——— = —

my f’(a) '

Use y—y, = m(x - xl) to find equations of tangents and normals.

For tangents: y—f(a)= f'(a)x(x—a).

For normals: y— f(a) =— X (x - a) .

1
f'(a)

Example 5 Find the equation of the normal to the curve
y=3log,(2x+1)—1 at x=0.
dy 6

Atx=0, :—l,m = =
Y T dx 2x+1

=6 and .: mN=—%.

Equation of the normal: y—"1= —é(x —0) , L Y= —%x—l .

Example 6 Find the equation of the tangent to the curve
y= a(x + 1)(x - 1)2 at the y-intercept.

Find the point where the tangent crosses the curve.
Explain why this point is independent of a.

At the y-intercept, x=0,y=a, % = 2a(x + 1)(x— 1)+ a(x - 1)2
= a(x—l)(Z(x+1)+x—1) =a(x— 1)(3x+ 1)=—a.

Equation of the tangent at the y-intercept: y —a = —a(x - O),

ie. y= —a(x —1).

Solve y = —a(x - 1) and y = a(x + 1)(x - 1)2 simultaneously to find
the intersection. — a(x - 1) = a(x + 1)(x - 1)2 ,

. a(x—1)+ a(x+1)(x—1)2 =0, a(x— 1)(1+ (x+1)(x—1))= 0,

. a(x - 1))c2 =0, .: x=0 (where the line touches the curve) or
x =1 (where the line crosses the curve) and y =0.

The intersecting point is (1,0), and since the parameter a does not
appear in the coordinates, it is independent of a.

P

Example 7 The line y =—2x+1 is a tangent to the parabola

y = x*> — px+ ¢ . Find the values of p and g.

m, =%=2x—p=—2..: x=p_2

point of contact. The y-coordinate is found by substituting

is the x-coordinate of the

x=p2 in y=-2x+1,.:y=3-p,

p—2j2_p(p—2)
2 2

or in y:xz—px—i-q,.:y:( +q.

2 2
(2 - p)2 = 4(q - 1) . The values of p and g have to satisfy this

2
. 3—p:(p_2j —p(p_2)+q,itcanbesimplifiedto

relationship, e.g. if p=0, g=2;if p=1, q:%;ifp=—1,

q= 73 . There are infinitely many possibilities.

Exercise: Next page



Q1 (2006 VCAA Exam 1)

A normal to the graph of y = Jx has equation y =—4x + a. where a is a real constant. Find the value of a.

Q2 (2006 VCAA Exam 2)

Consider the function 7:[0. 27] — R. f(x) = 2 sin (x). The graph of f is shown below., with tangents drawn at
points 4 and B.

2 4
x
[ T 2
) B
a. i. Find f'(x).
ii. Find the maximum and minimum values of | £'(x)/.
- . . T,
b. i. The gradient of the curve with equation v = f(x). when .\':%. is 1. Find the other value of x for
3

which the gradient of the curve. with equation y =#(x). is 1. (The exact value must be given.)

T .
3 (Exact values must be given.)

ii. Find the equation of the tangent to the curve at x

iii. Find the axes intercepts of the tangent found in b. ii. (Exact values must be given.)

¢, The two tangents to the curve at points 4 and B have gradient 1. A translation of » units in the positive
direction of the x-axis takes the tangent at 4 to the tangent at B. Find the exact value of m.

Q3 (2007 VCAA Exam 1)

The graphof f:R — R, f(x) = e’ + 1 is shown. The normal to the graph of f where it crosses the y-axis
is also shown.

y=r&

Find the equation of the normal to the graph of f where it crosses the y-axis.

Q4 (2008 VCAA Exam 2)

The graph of v =

-3 — 12x has turning points where v = 2 and x = 2.
The graph of v = | x> = 12x | has a positive gradient for
A. xeR

B. vefviv<-2julrir>2}

ve{rixr <-23}ufriv>245)
vim2iev<-2fulnioca<2tufvin> 23]
E re{rvi-2<x<otufrv2<a<adBiofaia»243)

C.
D

——

Xe

Q5 (2008 VCAA Exam 2)

The diagram below shows part of the graph of the fonction /2 B — R, f(x)=i_
x

-

¥
F 3

1 1 1 » T

(o] b 1 a

The line segment C is drawn from the point C(1. f{1)) to the point 4(a. f{a)) wherea > 1.
a. i Caleulate the gradient of C4 interms of a.

ii. At what value of x between 1 and a does the tangent to the graph of f” have the same gradient as
cA?

Q6 (2008 VCAA Exam 2)

The graph of f (—x. &) (x. 37) — R, fix)=tan [;J is shown below.
¥
x

|
I
1
I
1
|
1
|
I
|
I
I
R
|
1
|
1
I
|
|
|
|
|

a i rm;"[%}

il. Find the equation of the normal to the graph of y = f{x) at the point where x =%.

iti. Sketch the graph of this normal on the axes above. Give the exact axis intercepts.
m
b. Find the exact values of xe (—r, x)\ (7, 3x) such that f(x) =f{?J-

Let g(x)=f{x—a).
c.  Find the exact value of a = ( —1. 1) such that g{1)= 1.

Let h:(-m @) wm.37) — R hix)= sm[§]+ ta.u(;] +2
d. i Find A'(x). - -

ii. Solve the equation h'(x)=0 for xe (—w.x)w (. 3r). (Give exact values.)
€. Sketch the graph of y = h{x) on the axes below.

« Give the exact coordinates of any stationary points.

= Label each asymptote with its equation.
* Give the exact value of the y-intercept.

Q7 (2009 VCAA Exam 1)
Letf: R — R.fix)=¢&"+k where & is areal number. The tangent to the graph of f at the point where x=a
passes through the point (0. 0). Find the value of & in terms of a.

Q8 (2009 VCAA Exam 2)

At the point (1, 1) on the graph of the function with ule y = (x— 1P + 1
A, there is a local maxinmm

B. there is a local minimmm.

C. there is a stationary point of inflection.

D. the gradient is not defined.

E. there s a point of discontinmity.

Q9 (2009 VCAA Exam 2)
The tangent at the point (1, 5) on the graph of the curve y = f{x) has equation y =3 + 2x.
The tangent at the point (3, 8) on the curve y = f{x —2) + 3 has equation

A y=Ix—4
B. y=x+5

C. y=-2x+14
D. y=Ix+4
E. y=Xx+2

Q10 (2009 VCAA Exam 2)
A cubic function has the rule ¥ = f{x). The graph of the derivative function [’ crosses the x-axis at (2, 0) and
(—3. 0). The maximmm value of the derivative function is 10
The value of x for which the graph of y = f{x) has a local maximmm is

A 2
B. 2
C. -3
D. 3

1
E - 3

Q11 (2009 VCAA Exam 2)
let fR ' {0} =R flx)=6Jx —x—5
The graph of y = f{x) is shown below:

State the interval for which the graph of f is strictly decreasing.



